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We compute one of the second order transport coefficients arising from the chiral anomaly in a high-
temperature weakly coupled regime of quark-gluon plasma. This transport coefficient is responsible for the
CP-odd current that is proportional to the time derivative of the magnetic field, and can be considered as a
first correction to the chiral magnetic conductivity at finite, small frequency. We observe that this transport
coefficient has a nonanalytic dependence on the coupling as ∼1=ðg4 logð1=gÞÞ at the weak coupling regime,
which necessitates a resummation of infinite ladder diagrams with leading pinch singularities to get a
correct leading log result, a feature quite similar to what one finds in the computation of electric
conductivity. We formulate and solve the relevant CP-odd Schwinger-Dyson equation in real-time
perturbation theory that reduces to a coupled set of second order differential equations at leading log order.
Our result for this second order transport coefficient indicates that chiral magnetic current has some
resistance to the time change of the magnetic field; this shall be called the “chiral induction effect.”We also
discuss the case of color current induced by a color magnetic field.
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I. INTRODUCTION
The chiral anomaly is an intriguing quantum mechanical
phenomenon arising from an interplay between charge and
chirality of massless particles such as chiral fermions. It has
recently been appreciated that the chiral anomaly may
induce interesting parity-odd transport phenomena in the
plasmas of such particles [1–5]; at the lowest order in
derivative expansion of hydrodynamics (that is, at the first
order) it has been shown that the second law of thermo-
dynamics dictates the existence of such phenomena [6],
including the chiral magnetic effect [3] and the chiral
vortical effect [7,8]. Moreover, the magnitudes of these
transport phenomena in the static, homogeneous limit are
fixed by underlying anomaly coefficients and are not
renormalized by interactions. This universality has been
confirmed explicitly in both weak [9–12] and strong
[13–17] coupling computations, and has been proven in
hydrostatic constraints analysis [18–20]. There is also
evidence in favor of them in lattice simulations [21–25].
Recent results from heavy-ion experiments at the RHIC
[26–30] and the LHC [31] seem consistent with the
predictions from chiral magnetic and vortical effects
[32,33] (as well as chiral magnetic wave [34–38]), and,
quite interestingly, there has been a successful experimental
test of the chiral magnetic effect in Dirac/Weyl semimetals
that feature chiral fermionic excitations [39] (the spin
degree of freedom in this case arises from an internal
degeneracy; in other words, it is a pseudospin). Therefore,
the existence and the magnitudes of these transport phe-
nomena at lowest order (i.e., first order) in derivative
expansion seem by now quite robust. One can also general-
ize them to all even space-time dimensions higher than four
[40–46].
As we go beyond the lowest order in derivatives, the
possible anomaly-induced transport phenomena become
numerous: in four dimensions there are 13 possible second
order anomalous transport coefficients in the current and
energy-momentum tensor in a conformal plasma [40] (and
more in nonconformal plasma [47]), while the second law
of thermodynamics seems to constrain only eight combi-
nations of them [40]. Some of these constraints have been
confirmed in a strong coupling computation [48].
Interestingly, the values of these anomalous second order
transport coefficients, although they are proportional to
anomaly coefficients, do depend on the dynamics of the
microscopic theory up to the mentioned constraints; there-
fore, computing them in weak and strong coupling regimes
is a nontrivial, but worthwhile, task in any theoretical
model.
The purpose of this work is to take a small step in
computing these second order anomalous transport coef-
ficients in weakly coupled gauge theories, with QCD and
electroweak theory in mind. Our current study will be based
on diagrammatic techniques, and we hope to address a
similar computation in a chiral kinetic theory frame-
work [49–53] in a separate work. We will show that one
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particular second order anomalous transport coefficient in
the charge current has a nonanalytic dependence on the
coupling constant, ∼1=g4 logð1=gÞ, which is similar to
what one finds in the shear viscosity and electric conduc-
tivity [54,55] (and in the chiral electric separation conduc-
tivity [56] as well).1 This transport coefficient appears in
the second derivative correction to the current constitutive
relation as
νμð2Þ ∼ ξ5ϵ
μναβuνDαEβ; ð1:1Þ
where Eμ ¼ Fμνuν is the electric field strength in a local
fluid rest frame defined by uμ, and we followed the notation
introduced in Ref. [40] to denote the transport coefficient
ξ5. Using the Bianchi identity, one can replace ϵμναβuνDαEβ
with uνDνBμ, where Bμ ¼ 12 ϵμναβuνFαβ is the magnetic
field strength in the local rest frame; this means that ξ5 can
be viewed as a first correction to the static chiral magnetic
effect at finite frequency. More explicitly, it appears in the
anomalous part of the current density as
~J ¼    þ σχ ~Bþ ξ5
d~B
dt
þ    ; ð1:2Þ
where σχ is the topologically protected value of chiral
magnetic conductivity at zero frequency. ξ5 is parity (P) and
charge conjugation-parity (CP) odd, so it must arise from
the chiral anomaly.
As was observed first by Jeon [57], in diagrammatic
language, the nonanalytic behavior in the coupling depend-
ence is signaled by the presence of pinch singularities in
multiloop ladder diagrams of two-point correlation func-
tions; this necessitates a resummation of all ladder graphs,
by solving a Schwinger-Dyson-type equation, to get a
leading log result. It was previously observed in Ref. [12]
that the zero frequency-momentum limit of the P-odd part
of the one-loop correlation function does not have pinch
singularity, reproducing the correct static value of chiral
magnetic conductivity. We first motivate our study by
observing an appearance of pinch singularity in the
P-odd part of a one-loop diagram at first order in frequency,
which enters in the Kubo formula for ξ5. Following
intuitions from the computation of electric conductivity
[58–60], we then identify multiloop ladder graphs whose P-
odd parts contain a chain of pinch singularities that have to
be resummed to get a correct leading log result for ξ5. The
emerging Schwinger-Dyson equation is more difficult to
solve than that for the electric conductivity, because we
need to keep finite external momentum ~k (up to first order
in ~k) to extract the P-odd part of the correlation function. In
Sec. IV, we prove an important fact that all ~k dependence in
the denominators of pinching propagators do not contrib-
ute, up to first order in ~k, to the P-odd part that we are
interested in, allowing us to neglect them in the denom-
inators of pinching propagators. The necessary ~k depend-
ence for P-odd correlation functions arises only from the
spinor projection part of the fermion propagators. With this
important simplification, we are able to reduce the leading
log part of the P-odd Schwinger-Dyson equation into a
coupled set of second order differential equations, which
can be solved numerically. Along the way, we develop and
use the sum rule for the P-odd part of hard thermal loop
(HTL) photon spectral density, which is summarized in
Appendix A.
For most of our presentation, we will consider a single
species of Weyl fermion in quantum electrodynamics
(QED) for simplicity; a generalization to a finite number
of species of Weyl and Dirac fermions, as well as to a non-
Abelian SUðNcÞ gauge theory, is trivial at our leading log
order. We will describe this generalization in our discussion
section at the end. Our results are summarized as follows:
For QED with a single right-handed Weyl fermion, we have
ξ5 ¼
−3.006
e4 logð1=eÞ
μ
T
: ð1:3Þ
For two-flavor massless QCD (Nc ¼ 3) withQu ¼ 3=2 and
Qd ¼ −1=3, our result is
ξQCD5 ¼ ðQ2u þQ2dÞ
−3.6
g4 logð1=gÞ
μA
T
¼ −2.003
g4 logð1=gÞ
μA
T
;
ð1:4Þ
where μA is an axial chemical potential. The sign of ξ5
compared to the zero-frequency value σχ (¼ μ4π2 for QED) is
a meaningful dynamical result. A relative negative sign
between the two means that the chiral magnetic current has
some resistance to the change of the magnetic field. We
shall call this the “chiral induction effect.”
II. PINCH SINGULARITY IN THE P-ODD PART
AT ONE LOOP
In this section, let us motivate our work by observing an
appearance of pinch singularity in the P-odd part of a one-
loop diagram at first order in frequency ω. It will also serve
to fix our notations and conventions. For simplicity, we will
consider the case of a single Weyl fermion species of unit
charge in QED plasma at finite equilibrium temperature T,
as the generalization to multiflavors or non-Abelian gauge
groups is simple (we will summarize it at the end of the
paper). Throughout our analysis, we will use the real-time
Schwinger-Keldysh formalism in “ra” basis to compute the
retarded current-current correlation function that contains
the chiral magnetic conductivity σχðkÞ in its P-odd part,
1Our definition of transport coefficients does not include a
trivial e2 factor from the definition of electromagnetic current,
which is e times the fermion number current. Therefore, all
quantities in our work are defined with the fermion number
current. For example, the electric conductivity will be
∼1=ðe4 logð1=eÞÞ and the chiral magnetic conductivity at zero
frequency for a single right-handed Weyl fermion is σχ ¼ μ4π2.
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hJiðkÞJjð−kÞiP-oddR ¼ iσχðkÞϵijlkl; ð2:1Þ
where italic letters run over the three spatial dimensions and
k ¼ ðk0; kÞ≡ ðω; kÞ is an external four-momentum. Note
that in ra basis, the retarded two-point function is equal to
hJiðkÞJjð−kÞiR ¼ ð−iÞhJirðkÞJjað−kÞiSK ≡ ð−iÞGijðraÞðkÞ;
ð2:2Þ
where the subscript SK in the second term emphasizes that
it is computed in the Schwinger-Keldysh path integral with
Jr ≡ 1=2ðJ1 þ J2Þ and Ja ≡ J1 − J2 (1 and 2 denote the
two time contours in the Schwinger-Keldysh formalism).
We follow the notations in Ref. [12] for consistency.2
Explicitly,
Jμr ¼ ψ†rσμψ r þ
1
4
ψ†aσμψa; J
μ
a ¼ ψ†rσμψa þ ψ†aσμψ r;
ð2:3Þ
with σμ ¼ ð12×2; ~σÞ in terms of a two-component Weyl
spinor field ψ . Therefore, the task is to compute the P-odd
part (or antisymmetric part in i; j indices) of the (ra)
correlator GijðraÞðkÞ for small frequency momentum.
The zero frequency-momentum limit of σχðkÞ has been
shown to be universally
lim
k→0
lim
ω→0
σχðkÞ ¼
μ
4π2
; ð2:4Þ
and, in particular, no pinch singularity appears in this limit,
as shown in Ref. [12]. Our ξ5 appears in first order
expansion in ω ¼ k0 (while still taking the zero momentum
limit k → 0),
lim
k→0
σχðkÞ ¼
μ
4π2
− iξ5ωþOðω2Þ: ð2:5Þ
However, since the P-odd part of GijðraÞ contains a linear
term in k in defining σχðkÞ,
Gij;P-oddðraÞ ðkÞ ¼ −σχðkÞϵijlkl; ð2:6Þ
we have to keep the k dependence in GijðraÞðkÞ up to first
order in k, and then take the k → 0 limit of the P-odd
coefficient σχðkÞ. This essentially means that we need to
keep finite k in the Schwinger-Dyson equation for ladder
resummation; this is in contrast to the case of electric
conductivity, where one can set k ¼ 0 from the very outset,
greatly simplifying the analysis. Despite this difficulty, we
will be able to solve the Schwinger-Dyson equation for the
P-odd part of GijðraÞðkÞ and extract the coefficient ξ5. At one
loop there are two Feynman diagrams for GijðraÞðkÞ in real-
time formalism, as depicted in Fig. 1. The fermion
propagators are given by
SraðpÞ ¼
X
s¼
i
p0 − sjpj þ iζ=2PsðpÞ; ð2:7Þ
SarðpÞ ¼
X
s¼
i
p0 − sjpj − iζ=2PsðpÞ; ð2:8Þ
SrrðpÞ ¼

1
2
− nþðp0Þ

ρðpÞ; ð2:9Þ
where nðp0Þ ¼ 1=ðeβðp0∓μÞ þ 1Þ, the spectral density ρ is
ρðpÞ ¼
X
t¼
ζ
ðp0 − tjpjÞ2 þ ðζ=2Þ2 PtðpÞ; ð2:10Þ
and we introduce the damping rate ζ ∼ g2 logð1=gÞT in the
propagators, which will be needed to regularize possible
pinch singularities (this is essential in order to have a
FIG. 1. Diagrams responsible for the retarded response at one loop in the ra basis.
2In literature, the retarded function is often chosen to be
denoted by GðraÞ, which we find confusing.
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nonanalytic dependence on the coupling constant). It is
important to observe a thermal relation
SrrðpÞ ¼

1
2
− nþðp0Þ

ðSraðpÞ − SarðpÞÞ; ð2:11Þ
which plays a central role in our analysis. The projection
operators PðpÞ are defined as
PðpÞ≡ 1
2

1 σ · pjpj

¼ ∓ σ¯ · p
2jpj ; ð2:12Þ
where σ¯μ ¼ ð1;−σÞ and pμ ≡ ðjpj; pÞ. Our metric con-
vention is ð−;þ;þ;þÞ. The operators PðpÞ project onto
particle and antiparticle states, respectively, with given
momentum p, and the ðs; tÞ summation in the above
physically represents distinctive contributions from par-
ticles and antiparticles.
The one-loop expression for GijðraÞðkÞ from the two
Feynman diagrams is
ð−1Þ
Z
d4p
ð2πÞ4 tr½σ
iSraðpþ kÞσjSrrðpÞ
þ σiSrrðpþ kÞσjSarðpÞ; ð2:13Þ
where the ð−1Þ in front comes from fermion statistics. In
Ref. [12] it was shown that after extracting ϵijlkl for the
P-odd part, the limit k → 0 and ω → 0 commutes and
produces the correct result μ=4π2, without featuring pinch
singularity. However, we will see that the ω→ 0 limit hides
the pinch singularity that appears at first order in ω for ξ5.
Using the thermal relation (2.11) to replace Srr with
ðSra − SarÞ, we have several combinations of Sra and
Sar. From the well-known fact (see Ref. [57]) that the
pinch singularity appears only from the pair of Sra and Sar
sharing a same momentum,3 let us select only terms that
potentially contain pinch singularity; this results in
Gij;PinchðraÞ ðkÞ ¼
Z
d4p
ð2πÞ4 ðnþðp
0 þ ωÞ
− nþðp0ÞÞtr½σiSraðpþ kÞσjSarðpÞ: ð2:14Þ
It is clear from this expression that the ω→ 0 limit does not
produce a pinch singularity, because ðnþðp0 þ ωÞ−
nþðp0ÞÞ ≈ ðdnþðp0Þ=dp0ÞωþOðω2Þ already gives a
linear factor in ω. Moreover, one can set ω→ 0 in the
rest expression, as we are only interested in the linear term
in ω for ξ5. In computing the above using (2.7) and (2.8) for
Sra and Sar, let us recall that the chosen s ¼ , represent-
ing a particle or an antiparticle from Sra, must be the same s
chosen in Sar in order to obtain a pinch singularity in their
product. Therefore, we have
Gij;PinchðraÞ ðkÞ ≈ ω
Z
d4p
ð2πÞ4

dnþðp0Þ
dp0

× tr½σiSraðpþ kÞσjSarðpÞ
≈ ω
Z
d4p
ð2πÞ4

dnþðp0Þ
dp0
X
s¼
×
i2tr½σiPsðpþ kÞσjPsðpÞ
ðp0 − sjpþ kj þ iζ=2Þðp0 − sjpj − iζ=2Þ :
ð2:15Þ
To identify the P-odd structure containing ϵijlkl in the
small k → 0 limit, we first note that there are two possible
sources of k dependence: one is from the denominator and
the other is from the projection operators in the numerator.
Recall that we need only up to first order in k because we
take the k → 0 limit after extracting the ϵijlkl piece. If one
expands the denominator to linear order in k, we then need
to put k ¼ 0 in the projection operators. The resulting trace
using (2.12) gives
tr½σiPsðpÞσjPsðpÞ ¼
1
4jpj2 tr½σ
iðσ¯ · psÞσjðσ¯ · psÞ ¼
pipj
jpj2 ;
ð2:16Þ
where we use
tr½σμσ¯νσασ¯β ¼ 2ðgμνgαβ − gμαgνβ þ gμβgναÞ þ 2iϵμναβ
ð2:17Þ
and p2s ¼ 0. It is clear that this contribution does not lead to
a P-odd contribution that should be antisymmetric in i and
j. Hence, we can ignore k dependence in the denominator,
which allows us to use the ordinary techniques dealing with
pinch singularity in the k ¼ 0 limit. In Sec. IV, we will
prove that this simplification generalizes to all order ladder
diagrams; that is, the k dependences in the denominators
appearing in the ladder diagrams do not contribute to a
P-odd part of the correlation function up to first order in k,
and, hence, can be ignored.
In computing P-odd k dependence in tr½σiPsðpþ
kÞσjPsðpÞ using (2.12), one can replace Psðpþ kÞ ¼
−sσ¯ · ðpþ kÞs=ð2jpþ kjÞ with −sσ¯ · ðpþ kÞs=ð2jpjÞ by
the same reason as above; we have
tr½σiPsðpþ kÞσjPsðpÞ
∼
1
4jpj2 tr½σ
iðσ¯ · ðpþ kÞsÞσjðσ¯ · psÞ
∼
2i
4jpj2 ϵ
iμjνððpþ kÞsÞμðpsÞν; ð2:18Þ
3This is because Sra (Sar) has particle poles slightly below
(above) the real axis by an amount iζ=2, so that the residue of
their product contains a factor of 1=ζ, which is the (regularized)
pinch singularity. This also means that s ¼  in (2.7) and (2.8)
must be common in the Sra and Sar pair, which causes a pinch
singularity.
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where in the second line, we use the fact that the P-odd
contribution can come only from the last P-odd term in the
σ-matrix trace (2.17). Our symbol ∼ cares only for the
P-odd part that is linear in k. When μ ¼ 0 and ν ¼ l, we
have
s
i
2jpj2 ϵ
ijljpþ kjpl ∼ s i
2jpj3 ϵ
ijlðp · kÞpl ∼ s i
6jpj ϵ
ijlkl;
ð2:19Þ
where we use jpþ kj ≈ jpj þ ðp · kÞ=jpj þOðk2Þ, and we
replace pmpl → ð1=3Þδmljpj2 because the angular p inte-
gration in the final expression (2.15) is isotropic. When
μ ¼ l and ν ¼ 0, we have
−s
i
2jpj2 ϵ
ijlðpl þ klÞjpj ∼ −s i
2jpj ϵ
ijlkl: ð2:20Þ
Therefore, summing these two possibilities gives us the
P-odd part of tr½σiPsðpþ kÞσjPsðpÞ as
tr½σiPsðpþ kÞσjPsðpÞ ∼ −s
i
3jpj ϵ
ijlkl; ð2:21Þ
and from (2.15) we have
Gij;PinchðraÞ ∼ iωϵ
ijlkl
Z
d4p
ð2πÞ4

dnþðp0Þ
dp0

1
3jpj
X
s¼
×
s
ðp0 − sjpj þ iζ=2Þðp0 − sjpj− iζ=2Þ : ð2:22Þ
The remaining computation is a standard procedure
dealing with pinch singularity appearing in the denomi-
nators of (2.22). The p0 integration can be done in the
complex p0 plane by closing the contour in either the upper
or lower half-plane. The leading singularity appears from
the pole p0 ¼ sjpj  iζ=2, where the residue contains a
factor of 1=ðiζÞ; this gives a leading order contribution at
the weak coupling limit since ζ ∼ g2 logð1=gÞT. Once this
1=ζ term is identified from the residue of the denominators
in (2.22), one can neglect ζ in the pole location p0 ≈ sjpj
for all other terms, as it engenders only higher order terms
in g. This is because the p integration has its dominant
support in the region jpj ∼ T while ζ ∼ g2 logð1=gÞT ≪ jpj.
Therefore, one can effectively replace the two denomina-
tors in (2.22) with
1
ðp0 − sjpj þ iζ=2Þðp0 − sjpj − iζ=2Þ→
2πi
iζ
δðp0 − sjpjÞ;
ð2:23Þ
which will be used frequently in the following sections.
This gives us
Gij;PinchðraÞ ∼ iωϵ
ijlkl
1
ζ
Z
d3p
ð2πÞ3
1
3jpj
X
s¼
s

dnþðp0Þ
dp0

p0¼sjpj
;
ð2:24Þ
where we ignore the momentum dependence of ζ for now,
which is not strictly valid (we will be more precise in our
full ladder resummation in the next section). From
dnþðp0Þ=dp0 ¼ −βnþðp0Þð1 − nþðp0ÞÞ and nþð−jpjÞ ¼
1 − n−ðjpjÞ, the integral becomesZ
d3p
ð2πÞ3
1
3jpj
X
s¼
s

dnþðp0Þ
dp0

p0¼sjpj
¼ −β
Z
d3p
ð2πÞ3
1
3jpj ðnþðjpjÞð1 − nþðjpjÞÞ
− ðn−ðjpjÞð1 − n−ðjpjÞÞÞ
¼ − β
6π2
Z
∞
0
djp∥pjðnþðjpjÞð1 − nþðjpjÞÞ
− −ðn−ðjpjÞð1 − n−ðjpjÞÞÞ
¼ − μ
6π2
; ð2:25Þ
and we finally have a one-loop expression
Gij;PinchðraÞ ∼ −iω
μ
6π2ζ
ϵijlkl ≡ iωξ1-loop5 ϵijlkl;
ξ1-loop5 ¼ −
μ
6π2ζ
: ð2:26Þ
Although the overall sign of ξ5 depends on the chirality, the
relative negative sign compared to the static value of chiral
magnetic conductivity σχð0Þ ¼ μ=4π2 does not depend on
chirality and is a meaningful dynamical result. Holographic
computations produce the same negative sign between
σχð0Þ and ξ5.
The above exercise shows quite a similar feature to what
one finds in the electric conductivity, and one can follow the
lessons we have learned from the computation of electric
conductivity. The 1=ζ dependence from a pair of pinching
propagators SraðpÞSarðpÞ signals a nonanalytic dependence
on the coupling constant. In a multiloop ladder diagram
shown, for example, in Fig. 2, each pair of pinching
propagators sharing the same momentum produces a factor
of 1=ζ ∼ 1=ðg2 logð1=gÞTÞ that compensates a g2 from an
extra gauge bosonexchange,making the diagramof the same
order as the one-loop diagram in the power counting of the
coupling constant. Hence, one needs to sum up all multiloop
ladder diagrams to get a correct leading order result for ξ5;
this can be achieved by solving a Schwinger-Dyson-type
integral equation, which wewill describe in the next section.
More elaborate power counting [58,60] shows that the
leading contribution comes from the soft region of gauge
boson momentum Q ∼ gT, so one needs a HTL-resummed
gauge boson propagator [61,62] for the internal gauge boson
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exchange lines. The fermion momentum stays hard ∼T, so
fermion lines and all vertices are bare ones.
From the one-loop result of ξ1-loop5 with 1=ζ∼
1=ðg2 logð1=gÞTÞ dependence, the leading log result for
ξ5 from solving the Schwinger-Dyson equation might be
expected to be ∼1=ðg2 logð1=gÞTÞ. However, the correct
dependence turns out to be ∼1=ðg4 logð1=gÞTÞ; this is the
same as in the electric conductivity. In both cases, a physics
reason behind this is that small angle scatterings (θ ≪ g)
by transverse spacelike thermal gauge boson excitations
(whose nonzero thermal spectral density is due to Landau
damping physics) cannot affect the charge transport phe-
nomena much, since they deflect charged fermion trajecto-
ries responsible for charge transports only slightly by small
angles. On the other hand, these small angle scatterings by
ultrasoft (p ∼ g2T) transverse gauge bosons is the dominant
source for the total decay rate ζ ∼ g2 logð1=gÞT, where the
log comes from logðmD=ΛIRÞ ∼ logð1=gÞ with ΛIR ∼ g2T
being the nonperturbative IR cutoff for the transverse
magnetic sector, andmD ∼ gT is the characteristic soft scale.
This means that the effective IR regulator for the pinch
singularities that is meaningful for the final conductivities is
not givenby the total damping rate ζ, but is provided by larger
angle scatterings (θ ≫ g) and fermion conversion to gauge
bosons, which are governed by the g4 logð1=gÞT rate. In the
latter, the origin of the log is completely different: it is from
logðT=mDÞ ∼ logð1=gÞ. In our diagrammatic approach of
the Schwinger-Dyson equation, this physics manifests itself
in a nice cancellation of the leading log part of ζ in the
equation that we will see in the following sections; what
remains is indeed something of g4 logð1=gÞT coming from
the rate of fermion conversion to gauge boson.
We end this section by recalling that the situation is quite
different for color conductivity, where even small angle
scatterings by thermal transverse gluons can change the
color charge of charge carriers (either fermion or gauge
boson) due to the non-Abelian nature of color charges [63];
thus, the same rate responsible for the leading log damping
rate also governs the color conductivity, leading to its
1=ðg2 logð1=gÞÞ behavior [64,65].
III. LADDER RESUMMATION OF P-ODD PINCH
SINGULARITIES IN RA BASIS
In this section, we set up the Schwinger-Dyson equation
that sums up all-loop ladder diagrams with leading order
pinch singularities. The idea is essentially similar to the one
in the diagrammatic computations of shear viscosity or
electric conductivity [58,59], except that we have to keep a
finite external momentum k up to first order in k to extract a
P-odd part [however, we can still set ω ¼ 0 from the outset
since one factor of ω comes out from kinematics, see (2.14)
and (2.15)]. We choose to work in the real-time Schwinger-
Keldysh formalism in ra basis for our convenience, rather
than the Euclidean formalism with subsequent analytic
continuation as used in some previous literature. For the
electrical conductivity, we check that the correct result is
obtained with this formalism.
As we are computing GijðraÞðkÞ, the vertex at the far right
in any ladder diagram is an a type, with one fermion leg r
type and the other a type. Since there is no aa propagator,
the a-type leg should have an r-type leg in the other end on
its left. Because a pinch singularity can appear only from a
pair of Sra and Sar, the r-type leg from the vertex should
have an r-type leg on the other end on its left, since having
a-type on the other end gives the same type of fermion
propagator to the one from the former, and does not give a
pinch singularity. See Fig. 3 for an exemplary ladder
diagram that can give a leading pinch singularity. In our
convention, one reads ra types of a fermion propagator
along the reversed direction of its momentum arrow, which
can be seen in Fig. 3. The reason why having a rr-type
propagator in the diagram can give rise to a pinch
singularity is the thermal relation (2.11),
SrrðpÞ ¼

1
2
− nþðp0Þ

ðSraðpÞ − SarðpÞÞ: ð3:1Þ
One can therefore choose either the Sra or Sar piece from
Srr to obtain a pair of Sra and Sar that gives a pinch
singularity. It is clear, then, that the rest of a ladder diagram
on the left, other than the far right vertex, should have two
final fermion legs of r type on its right, in order to create a
leading order pinch singularity: that is, it has to be an
effective rr-type vertex. At one-loop order, this was
automatic since it is a bare Jir vertex. What we have to
do is to sum up all-loop ladder diagrams for this effective rr
vertex that appears on the left side of the diagram.
Denoting by Λiðp; kÞ the resulting summed vertex,
which is a 2 × 2 matrix acting on the spinor space, where
p is the loop momentum and k is the (small) external
momentum, the final Gij;PinchðraÞ ðkÞ is obtained from two
possible Feynman diagrams in Fig. 4; note that they look
similar to those in Fig. 1 except that the vertex on the left is
now Λiðp; kÞ instead of σi,
FIG. 2. A generic ladder diagram that contributes to the leading
log result.
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Gij;PinchðraÞ ðkÞ ¼ ð−1Þ
Z
d4p
ð2πÞ4 tr½Λ
iðp;kÞðSraðpþ kÞσjSrrðpÞ
þ Srrðpþ kÞσjSarðpÞÞ: ð3:2Þ
Using (3.1) and picking up only pairs of Sra and Sar for a
pinch singularity, expanding it in ω with the same manipu-
lation that led to (2.15), gives, up to first order in ω,
Gij;PinchðraÞ ðkÞ
¼ −ω
Z
d4p
ð2πÞ4

dnþðp0Þ
dp0
X
s¼
×
tr½Λiðp; kÞPsðpþ kÞσjPsðpÞ
ðp0 − sjpþ kj þ iζpþk;s=2Þðp0 − sjpj − iζp;s=2Þ
;
ð3:3Þ
where we set external frequency ω≡ k0 ¼ 0 in the effec-
tive vertex Λiðp; kÞ and other places since we already have
one ω factor in front. Note also that the damping rate ζp;s
depends on the on-shell momentum as well as s ¼  (that
is, whether it is a particle or antiparticle) as indicated in the
expression.4 We will be concerned only with this object
Λiðp; kÞ after setting ω ¼ 0 in the following.
The summation of all multiloop ladder diagrams for this
effective rr-type vertex, starting from the bare one
Jir ¼ ψ†rσiψ r, can be achieved by solving the associated
Schwinger-Dyson-type equation, which is depicted in
Fig. 5. The “kernel,” which is made of two internal fermion
lines and one soft gauge boson (we call it a photon)
exchange, can have three possible Feynman diagrams that
can give a leading pinch singularity, as shown in Fig. 6. The
resulting Schwinger-Dyson equation5 is written as (note
that in the following we denote the QED coupling constant
by e instead of g)
Λiðp; kÞ ¼ σi þ ðieÞ2
Z
d4Q
ð2πÞ4 σ
βSarðpþQÞΛiðpþQ; kÞSraðpþQþ kÞσαGðrrÞαβ ðQÞ
þ ðieÞ2
Z
d4Q
ð2πÞ4 σ
βSarðpþQÞΛiðpþQ; kÞSrrðpþQþ kÞσαGðarÞαβ ðQÞ
þ ðieÞ2
Z
d4Q
ð2πÞ4 σ
βSrrðpþQÞΛiðpþQ; kÞSraðpþQþ kÞσαGðraÞαβ ðQÞ; ð3:4Þ
where GðabÞαβ (a; b ¼ r or a) are the photon propagators in Schwinger-Keldysh contour,
GðabÞαβ ≡ hAðaÞα ðQÞAðbÞβ ð−QÞiSK
¼
Z
d4xe−iQxhAðaÞα ðxÞAðbÞβ ð0ÞiSK; ð3:5Þ
FIG. 3. Exemplar real time Feynman diagrams that can give leading pinch singularity.
4The dependence on s comes via the combination sμ in the presence of the chemical potential μ that we are considering. See
Appendix B for a detailed discussion.
5In [59] it was shown that the Ward identity requires the addition of an extra term in Fig. 5 involving soft fermion lines. This diagram
gives a subleading contribution to the electric conductivity, and we expect the same for our ξ5. We leave the explicit computation to a
future work.
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including HTL photon self-energy (that is, JJ correlation
functions) since the photon momentum Q is soft. We will
work in the Coulomb gauge, as it separates longitudinal and
transverse modes in a clear way. A summary ofGðabÞαβ in this
gauge, including the P-odd part coming from the P-odd part
of HTL photon self-energy, is given in Appendix A, where
we also find some useful sum rules for the P-odd part of
their spectral density, which will be important for later use.
Using (3.1) and a similar thermal relation for photons (see
Appendix A),
GðrrÞαβ ðQÞ ¼

1
2
þ nBðq0Þ

ðGðraÞαβ ðQÞ −GðarÞαβ ðQÞÞ
¼

1
2
þ nBðq0Þ

ρphαβðQÞ; ð3:6Þ
where the photon spectral density is defined by
ρphαβðQÞ≡ ðGðraÞαβ ðQÞ −GðarÞαβ ðQÞÞ; ð3:7Þ
and nBðq0Þ ¼ 1=ðeβq0 − 1Þ, the pinch singularity part of the
integral equation becomes
Λiðp; kÞ ¼ σi þ ðieÞ2
Z
d4Q
ð2πÞ4 ½σ
βSarðpþQÞΛi
× ðpþQ; kÞSraðpþQþ kÞσα
× ρphαβðQÞðnþðp0 þ q0Þ þ nBðq0ÞÞ: ð3:8Þ
Note that the photon spectral density ρphαβðQÞ is Hermitian inðα; βÞ indices, but not necessarily real. In fact, the P-odd
self-energy leads to a purely imaginary, antisymmetric
contribution to the spectral density. We refer the reader
to Appendix A for a detailed exposition.
FIG. 4. The diagrams that need to be computed to obtain the retarded response function to leading log order. The effective vertex on
the left includes an infinite number of ladder diagrams.
FIG. 5. The Schwinger-Dyson equation for the effective vertex Λiðp; kÞ.
FIG. 6. The three real-time diagrams with leading pinch singularity for the kernel in the Schwinger-Dyson equation depicted in Fig. 5.
The effective vertex connects only to r-type endings of fermion propagators.
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From the pair SarðpþQÞSraðpþQþ kÞ in (3.8) for the small k limit, one can extract the leading pinch singularity,
SarðpþQÞΛiðpþQ; kÞSraðpþQþ kÞ
→
X
t¼
i2Ptðpþ qÞΛiðpþQ; kÞPtðpþ qþ kÞ
ðp0 þ q0 − tjpþ qj − iζpþq;t=2Þðp0 þ q0 − tjpþ qþ kj þ iζpþqþk;t=2Þ
: ð3:9Þ
Because the photon momentumQ is soft,Q≪ jpj ∼ T, and
the pinch singularity in the final equation for Gij;PinchðraÞ ðkÞ in
(3.3) necessitates the loop momentum p to be on-shell,
p0 ¼ sjpj, the only possible way to have a pinch singularity
for soft q0 integration in (3.8) is to choose only the t ¼ s
piece in the expression (3.9). This means that in a ladder
diagram the leading pinch singular contribution comes from
a particle loop or an antiparticle loopwithout any “transition”
between particle and antiparticle throughout the diagram.
Physically, it is obvious that a nearly on-shell particle
(antiparticle) cannot change to an antiparticle (particle) with
soft photon scatterings. Therefore, for a given choice of s in
(3.3), we keep only the t ¼ s piece of (3.9) in the integral
equation (3.8), and the solution of the resulting integral
equation we also label by s: Λsðp; kÞ. The more correct
expression for (3.3) is then
Gij;PinchðraÞ ðkÞ ¼ −ω
Z
d4p
ð2πÞ4

dnþðp0Þ
dp0
X
s¼
tr½Λisðp; kÞPsðpþ kÞσjPsðpÞ
ðp0 − sjpþ kj þ iζpþk;s=2Þðp0 − sjpj − iζp;s=2Þ
; ð3:10Þ
where Λisðp; kÞ satisfies the integral equation
Λisðp; kÞ ¼ σi þ e2
Z
d4Q
ð2πÞ4

σβPsðpþ qÞΛisðpþQ; kÞPsðpþ qþ kÞσα
×
ρphαβðQÞðnþðp0 þ q0Þ þ nBðq0ÞÞ
ðp0 þ q0 − sjpþ qj − iζpþq;s=2Þðp0 þ q0 − sjpþ qþ kj þ iζpþqþk;s=2Þ

: ð3:11Þ
The rest of the paper will focus on solving the integral
equation (3.11) in leading logarithmic order in the coupling
constant e.
Because our transport coefficient ξ5 is obtained from the
P-odd part of Gij;PinchðraÞ ðkÞ via
Gij;Pinch;P-oddðraÞ ðω; kÞ ¼ iωξ5ϵijlkl þOðω2; k2Þ; ð3:12Þ
we would like to expand (3.10) in k up to first order,
focusing only on the P-odd ϵijlkl structure at the same time.
Since ξ5 is CP-odd, and shares the same quantum number
with the (axial) chemical potential μ, it can only contain
odd powers in μ, as seen in the one-loop computation in the
preceding section. In our work, we will only compute ξ5 up
to linear order in μ in the small-μ limit, neglecting higher
order terms of μ3 and beyond. Therefore, we will only be
interested in a linear μ dependence of (3.10) and (3.11) in
the following.
IV. AN IMPORTANT SIMPLIFICATION
In solving (3.11) up to linear order in k, and using it to
compute (3.10), there are various sources of k dependence
appearing in the equations. The problematic source is the k
dependence in the denominators of the equations (3.10) and
(3.11). For example, in (3.10), we have
p0 − sjpþ kj þ iζpþk;s=2
≈p0 − sjpj þ iζp;s=2− spˆ · kþ ið∂ζp;s=∂pÞ · k=2þ    ;
ð4:1Þ
giving rise to, up to linear order in k,
1
p0 − sjpþ kj þ iζpþk;s=2
≈
1
p0 − sjpj þ iζp;s=2
þ spˆ · k− ið∂ζp;s=∂pÞ · k=2ðp0 − sjpj þ iζp;s=2Þ2 þ    :
ð4:2Þ
The second term is a double pole, and when used in (3.10)
it engenders a ∼1=ζ2 dependence, which is larger than the
usual 1=ζ pinch singularity. The same is true for the k
dependence in the denominators of the integral equa-
tion (3.11). For the P-even part, this may be what one
encounters when trying to include a finite k in the current
correlation functions, which seems to be related to the
expected appearance of diffusion pole structure
σel
ω − iDk2
≈
σel
ω
þ iσelD
k2
ω2
þ    ; ð4:3Þ
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since the Einstein relation gives D ¼ σel=χ (χ is the charge
susceptibility) and the k dependence is quadratic in electric
conductivity, σel ∼ T3=e4 logð1=eÞ. However, such a dif-
fusion pole structure is not expected in the P-odd part that
we are interested in [12],6 and it is natural to expect that
these k dependences from the denominators in (3.10) and
(3.11) do not contribute to our P-odd structure ϵijlkl. Let us
show this important simplification in the following. As a
consequence, one can ignore all k’s in the denominators of
the equations, and the only interesting k dependence comes
from the projection operators in the numerators.
Let us consider a generic multiloop ladder diagram
depicted in Fig. 7, and let us choose an arbitrary internal
SraSar pair from the “side rail” that can give rise to a pinch
singularity in the small k limit. By shifting the loop
momentum p, the momentum that flows in Sra can be
set as pþ k; then, the momentum of Sar is p. The
denominator of Sraðpþ kÞ contains a k-linear piece as
in (4.1). We would like to show that this k dependence does
not lead to the P-odd structure ϵijlkl.
Once we get a term like (4.2), that is linear in k, from
expanding the denominator of Sraðpþ kÞ, we should set
k ¼ 0 in all other parts of the diagram, since it already
saturates the linear k dependence we are looking at. These
include the projection operators in the numerators of
Sraðpþ kÞ and SarðpÞ, Psðpþ kÞ and PsðpÞ (recall that
we need to have the same s throughout the diagram for the
leading pinch singularity), as well as the remaining parts of
the diagram other than the chosen Sraðpþ kÞSarðpÞ pair,
which we call the effective vertices; let us call the part on
the left Λiðp; kÞ and the part on the right ~Λjðp; kÞ, see
Fig. 7. The value of the diagram is then proportional to (the
p integral of)
tr½ΛiðpÞPsðpÞ ~ΛjðpÞPsðpÞ∝ tr½ΛiðpÞðσ¯ ·psÞ ~ΛjðpÞðσ¯ ·psÞ;
ð4:4Þ
where ΛiðpÞ≡ Λiðp; k ¼ 0Þ, ~ΛjðpÞ≡ ~Λjðp; k ¼ 0Þ, etc.
All ij index structure comes from this spinor trace.
The effective vertex ΛiðpÞ is a 2 × 2 matrix in the spinor
space; since σμ ¼ ð1; ~σÞ forms a basis for any 2 × 2
matrices, we write ΛiðpÞ ¼ σμλiμðpÞ. By invoking rota-
tional invariance, we generally have
λi0ðpÞ ¼ f0ðp0; jpjÞpi;
λilðpÞ ¼ f1ðp0; jpjÞδil þ f2ðp0; jpjÞplpi þ f3ðp0; jpjÞϵiml pm;
ð4:5Þ
where fi are functions only on p0 and jpj. Similarly, we
have for ~ΛjðpÞ ¼ σν ~λjνðpÞ with
~λj0ðpÞ ¼ ~f0ðp0; jpjÞpj;
~λjlðpÞ ¼ ~f1ðp0; jpjÞδjl þ ~f2ðp0; jpjÞplpj þ ~f3ðp0; jpjÞϵjml pm:
ð4:6Þ
Inserting these representations of ΛiðpÞ and ~ΛjðpÞ into the
above (4.4), and using the trace formula we repeat here,
tr½σμσ¯νσασ¯β¼2ðgμνgαβ−gμαgνβþgμβgναÞþ2iϵμναβ; ð4:7Þ
we immediately see that the last ϵ-tensor term in (4.7) does
not contribute since ps appears twice in (4.4), and we have
tr½ΛiðpÞðσ¯ · psÞ ~ΛjðpÞðσ¯ · psÞ ¼ 4ðλiðpÞ · psÞð~λjðpÞ · psÞ;
ð4:8Þ
where we use p2s ¼ 0. Then, we have
λiðpÞ · ps ¼ sjpjλi0ðpÞ þ plλilðpÞ
¼ ðsjpjf0ðp0; jpjÞ þ f1ðp0; jpjÞ
þ jpj2f2ðp0; jpjÞÞpi; ð4:9Þ
which is proportional to pi. Note that the piece involving f3
drops out. The same conclusion is true, that is, ~λjðpÞ·
ps ∼ pj; hence, the result for the trace in (4.4) is proportional
to pipj. Since it is symmetric with respect to ij, it is clear that
the result cannot contribute to the P-odd part of ϵijlkl. In
summary, we have shown that k dependence from the
denominator of any internal fermion line in leading pinch
singularity limit does not contribute to the P-odd structure
ϵijlkl, and, hence, we can neglect all k’s appearing in the
denominators, especially in our equations (3.10) and (3.11).
FIG. 7. Generic ladder diagram that gives rise to a leading log
contribution. The ladders can be codified in effective vertices
Λ, Λ0.
6A diffusion pole structure in the P-odd part could arise if one
considers the coupling to the energy-momentum sector of the
theory, leading to “chiral magnetic energy flow.” However, when
expanded in k it would give a term of k3 or higher [66,67]. Also,
the coupling to the energy-momentum sector is of order μ2, and
the resulting P-odd effect is of order μ3 [66,67]. Therefore, we can
ignore this possibility in our work.
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Once we remove all k’s from the denominators, we have
Gij;PinchðraÞ ðkÞ ¼ −ω
Z
d4p
ð2πÞ4

dnþðp0Þ
dp0
X
s¼
tr½Λisðp; kÞPsðpþ kÞσjPsðpÞ
ðp0 − sjpj þ iζp;s=2Þðp0 − sjpj − iζp;s=2Þ
; ð4:10Þ
and
Λisðp; kÞ ¼ σi þ e2
Z
d4Q
ð2πÞ4

σβPsðpþ qÞΛisðpþQ; kÞPsðpþ qþ kÞσα
×
ρphαβðQÞðnþðp0 þ q0Þ þ nBðq0ÞÞ
ðp0 þ q0 − sjpþ qj − iζpþq;s=2Þðp0 þ q0 − sjpþ qj þ iζpþq;s=2Þ

: ð4:11Þ
The p0 integration in (4.10) can be computed in the leading pinch singularity limit by replacing
1
ðp0 − sjpj þ iζp;s=2Þðp0 − sjpj − iζp;s=2Þ
→
2π
ζp;s
δðp0 − sjpjÞ; ð4:12Þ
which enforces the on-shell condition p0 ¼ sjpj on the p appearing in the integral equation (4.13). We will assume this on-
shell condition throughout our computation in the following sections. Then, the integral equation becomes
Λisðp; kÞ ¼ σi þ e2
Z
d4Q
ð2πÞ4

σβPsðpþ qÞΛisðpþ q; kÞPsðpþ qþ kÞσα
×
ρphαβðQÞðnþðsjpj þ q0Þ þ nBðq0ÞÞ
ðq0 þ sjpj − sjpþ qj − iζpþq;s=2Þðq0 þ sjpj − sjpþ qj þ iζpþq;s=2Þ

; ð4:13Þ
where Λisðp; kÞ≡ Λisðp; kÞjp0¼sjpj. The reason why we can also replace ΛisðpþQ; kÞ in the integral kernel with its on-shell
value Λisðpþ q; kÞ is that the pinch singularity in the kernel of the integral equation
1
ðp0 þ q0 − sjpþ qj − iζpþq;s=2Þðp0 þ q0 − sjpþ qj þ iζpþq;s=2Þ
→
2π
ζpþq;s
δðp0 þ q0 − sjpþ qjÞ; ð4:14Þ
will impose the on-shell condition p0 þ q0 ¼ sjpþ qj as well. With this replacement of (4.14) in (4.13), we finally have
Λisðp; kÞ ¼ σi þ e2
Z
d4Q
ð2πÞ4 ½σ
βPsðpþ qÞΛisðpþ q; kÞPsðpþ qþ kÞσα
× ρphαβðQÞðnþðsjpj þ q0Þ þ nBðq0ÞÞð2πÞδðq0 þ sjpj − sjpþ qjÞ=ζpþq;s; ð4:15Þ
which is our starting point in solving the integral equation
in leading logarithmic order in the next section.
V. LEADING LOG COMPUTATION
The integral equation (4.15) obtained in the leading
pinch singularity limit is a matrix equation, and it is
desirable to transform it into a scalar equation. In fact,
we do not need its full matrix structure: what we need at the
end in (4.10) is the trace
tr½Λisðp; kÞPsðpþ kÞσjPsðpÞ
¼ tr½PsðpÞΛisðp; kÞPsðpþ kÞσj; ð5:1Þ
and it is obvious that we only need the component of
Λisðp; kÞ projected onto the eigenspace of the projection
operatorPsðpÞ on the left andPsðpþ kÞ on the right, that is,
PsðpÞΛisðp; kÞPsðpþ kÞ: ð5:2Þ
Since the spinor space is two dimensional, the above
projected matrix is essentially a single number. This fact
manifests itself by the following statement: for any 2 × 2
matrix A, the projected matrix PsðpÞAPsðpþ kÞ must be
proportional to the matrix PsðpÞPsðpþ kÞ composed only
of the projection operators. The proportionality constant,
which contains the information on A, is easily found by
comparing traces of the expected relation,
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PsðpÞAPsðpþ kÞ ¼
tr½PsðpÞAPsðpþ kÞ
tr½PsðpÞPsðpþ kÞ
PsðpÞPsðpþ kÞ
¼ tr½PsðpÞAPsðpþ kÞ
1
2
ð1þ p^ · dpþ kÞ PsðpÞPsðpþ kÞ;
ð5:3Þ
where pˆ≡ p=jpj, and tr½PsðpÞPsðpþ kÞ ¼ 12 ð1þ pˆ·dpþ kÞ. Using this, it is straightforward to convert our matrix
integral equation into a scalar equation; for this purpose, let
us introduce three scalar functions Disðp; kÞ, Σμsðp; kÞ, and
Fsðp; q; kÞ by
PsðpÞΛisðp; kÞPsðpþ kÞ
¼ Disðp; kÞPsðpÞPsðpþ kÞ;
PsðpÞσμPsðpþ kÞ
¼ Σμsðp; kÞPsðpÞPsðpþ kÞ;
PsðpÞPsðpþ qÞPsðpþ qþ kÞPsðpþ kÞ
¼ Fsðp; q; kÞPsðpÞPsðpþ kÞ: ð5:4Þ
The expressions for Σμsðp; kÞ and Fsðp; q; kÞ can easily be
found by computing the necessary traces involved; for
example, we have
Σ0sðp; kÞ ¼ 1;Σisðp; kÞ
¼ sðpˆ
i þ dðpþ kÞiÞ − iϵijlpˆj dðpþ kÞl
ð1þ pˆ · dpþ kÞ ; ð5:5Þ
and the expression for Fsðp; q; kÞ can be found in
Appendix C. Using the fact that σμ is Hermitian, we also
have
Psðpþ kÞσμPsðpÞ ¼ ðΣμsðp;kÞÞPsðpþ kÞPsðpÞ: ð5:6Þ
The scalar functionDisðp; kÞ is what wewould like to find by
solving the integral equation; once it is found, the final
expression for the correlation function Gij;PinchðraÞ ðkÞ is given
from (4.10) by
Gij;PinchðraÞ ðkÞ ¼ −ω
Z
d4p
ð2πÞ4

dnþðp0Þ
dp0
X
s¼
tr½PsðpÞΛisðp; kÞPsðpþ kÞσj
ðp0 − sjpj þ iζp;s=2Þðp0 − sjpj − iζp;s=2Þ
¼ −ω
Z
d4p
ð2πÞ4

dnþðp0Þ
dp0
X
s¼
Disðp; kÞtr½Psðpþ kÞσjPsðpÞ
ðp0 − sjpj þ iζp;s=2Þðp0 − sjpj − iζp;s=2Þ
¼ −ω
Z
d4p
ð2πÞ4

dnþðp0Þ
dp0
X
s¼
Disðp; kÞðΣjsðp; kÞÞ 12 ð1þ pˆ · dpþ kÞ
ðp0 − sjpj þ iζp;s=2Þðp0 − sjpj − iζp;s=2Þ
¼ −ω
Z
d3p
ð2πÞ3
X
s¼

dnþðp0Þ
dp0

p0¼sjpj
ðΣjsðp; kÞÞD
i
sðp; kÞ
ζp;s
; ð5:7Þ
whereweuse (5.4),(5.6) in the second and third lines, and replace 1
2
ð1þ pˆ · dpþ kÞwithunity in the last line, since pˆ · dpþ k ¼ 1
up to negligible Oðk2Þ corrections. As the last expression involves the combination Disðp; kÞ=ζp;s, let us also define
ϕisðp; kÞ≡D
i
sðp; kÞ
ζp;s
: ð5:8Þ
Applying projection operatorsPsðpÞ andPsðpþ kÞ on the left and right, respectively, to our integral equation (4.15), and
using (5.4), (5.6), we finally obtain the following scalar integral equation to be solved for ϕisðp; kÞ:
ζp;sϕ
i
sðp; kÞ ¼ Σisðp; kÞ þ e2
Z
d4Q
ð2πÞ4 Σ
β
sðp; qÞϕisðpþ q; kÞðΣαsðpþ k; qÞÞFsðp; q; kÞ
× ρphαβðQÞðnþðsjpj þ q0Þ þ nBðq0ÞÞð2πÞδðq0 þ sjpj − sjpþ qjÞ
¼ Σisðp; kÞ þ e2
Z
d4Q
ð2πÞ4Ksðp; k;QÞϕ
i
sðpþ q; kÞð2πÞδðq0 þ sjpj − sjpþ qj; ð5:9Þ
with an integral kernel Ksðp; k;QÞ defined as
Ksðp; k;QÞ≡ Σβsðp; qÞðΣαs ðpþ k; qÞÞρphαβðQÞFsðp; q; kÞðnþðsjpj þ q0Þ þ nBðq0ÞÞ: ð5:10Þ
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Our task is to find a solution for ϕisðp; kÞ up to first order in
k that can give rise to the P-odd structure ϵijlkl in the
expression (5.7) for Gij;PinchðraÞ ðkÞ. We will be interested in
only the leading logarithmic order in e.
The structure of ϕisðp; kÞ expanded up to first order in k
can be severely constrained by rotational invariance,
ϕisðp; kÞ ¼ χisðpÞ þ fils ðpÞkl
¼ χsðjpjÞpˆi þ asðjpjÞki þ bsðjpjÞpˆiðpˆ · kÞ
þ i 1jpj csðjpjÞϵ
ilmpˆlkm; ð5:11Þ
with four scalar functions χs; as; bs; cs that depend only on
jpj. Using the expansion of ðΣjsðp; kÞÞ up to first order in k,
ðΣjsðp; kÞÞ ¼ spˆj þ s
2jpj ðδ
jl − pˆjpˆlÞkl þ i
2jpj ϵ
jlmpˆlkm;
ð5:12Þ
the expression for Gij;PinchðraÞ ðkÞ from (5.7) can be computed
to first order in k to find the P-odd structure proportional to
ϵijlkl as
Gij;PinchðraÞ ðkÞ ¼ −ω
Z
d3p
ð2πÞ3
X
s¼

dnþðp0Þ
dp0

p0¼sjpj
× ðΣjsðp; kÞÞϕisðp; kÞ
∼ −
i
3
ω
Z
d3p
ð2πÞ3
X
s¼

dnþðp0Þ
dp0

p0¼sjpj
1
jpj
×

scsðjpjÞ −
1
2
χsðjpjÞ

ϵijlkl; ð5:13Þ
where the ∼ in the above expression is only concerned
with P-odd terms. Note that the two functions ðas; bsÞ do
not contribute to our P-odd term, so we do not need to
compute them. Therefore, in the following we will focus on
χs and cs only.
A. Computation of χ sðjpjÞ
The function χsðjpjÞ has already been known in previous
computations of electric conductivity, though we will see
that there is an important correction to it when linear in μ
that is relevant to our final value of ξ5. It satisfies the
integral equation (5.9) after setting k ¼ 0,
ζp;sχsðjpjÞpˆi ¼ spˆi þ e2
Z
d4Q
ð2πÞ4Ks
× ðp; 0;QÞχsðjpþ qjÞ dpþ qi
× ð2πÞδðq0 þ sjpj − sjpþ qjÞ: ð5:14Þ
Our treatment for χsðjpjÞ that follows is mostly the same as
that found in Refs. [58,59], and our computation for χs will
confirm previous results in the literature. Let us, however,
present some details along with which we can introduce
several key elements that will be needed in our next
treatment for csðjpjÞ, which is new and more to our interest.
First, it is important to observe that the integral that
appears in the above equation,
e2
Z
d4Q
ð2πÞ4Ksðp; 0;QÞð2πÞδðq
0 þ sjpj − sjpþ qjÞ;
ð5:15Þ
is precisely equal to the contribution to the fermion
damping rate from soft photon scatterings at full order,
which contains the leading ∼e2 logð1=eÞT part of the total
damping rate. We reconfirm this fact explicitly in
Appendix B including the P-odd spectral density of the
soft photon propagator. Denoting this by ζspp;s (following the
notation in Ref. [59]), and writing the total damping rate as
ζp;s ¼ ζspp;s þ ζsfp;s where ζsfp;s is the other remaining con-
tribution to the damping rate arising from soft fermion
scatterings (or, more precisely, hard fermions making
converting to hard photons and soft fermions) which is
of order e4 logð1=eÞT, the integral equation (5.14) takes the
form
ζsfp;sχsðjpjÞpˆi
¼ spˆi þ e2
Z
d4Q
ð2πÞ4Ksðp; 0; qÞ
× ½χsðjpþ qjÞ dpþ qi − χsðjpjÞpˆi
× ð2πÞδðq0 þ sjpj − sjpþ qjÞ; ð5:16Þ
where we no longer have ζspp;s ∼ e2 logð1=eÞT explicitly in
the equation, and what remains will be shown to be only of
order ∼e4 logð1=eÞT. This cancellation of e2 logð1=eÞT
dependence due to the identity of (5.15) with ζspp;s is the
diagrammatic manifestation of the physics discussion at the
end of Sec. II: the relevant part of the damping rate that is
responsible for fermionic charge transport phenomena is not
the total damping rate governed by small-angle scatterings
with ultrasoft transverse photons, but is the part arising from
fermion conversions to photons with soft fermion scatter-
ings, that is, ζsfp;s. In Appendix B, we present a computation
of ζsfp;s to leading log order [see Eq. (B48)], with special care
for its sμ dependence, which we will need later.
Introducing a variable z ¼ cosφ where φ is the angle
between p and q, one can show that [59]
δðq0 þ sjpj − sjpþ qjÞ
¼
jpj þ sq0
jp∥qj

δðz − z0ÞΘðjqj2 − ðq0Þ2Þ; ð5:17Þ
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where ΘðxÞ is the Heaviside theta function, and
z0jqj ¼ pˆ · q ¼ sq0 þ
ðq0Þ2 − jqj2
2jpj : ð5:18Þ
Using this, one can transform the Q integration into
Z
d4Q
ð2πÞ4 ð2πÞδðq
0 þ sjpj − sjpþ qjÞ
¼
Z
∞
0
djq∥qj
ð2πÞ
Z jqj
−jqj
dq0
ð2πÞ

1þ sq
0
jpj

pˆ·q→sq0þðq0Þ2−jqj2
2jpj
;
ð5:19Þ
where one needs to replace any pˆ · q appearing in the
integrand by sq0 þ ððq0Þ2 − jqj2Þ=ð2jpjÞ. AsQ ¼ ðq0; qÞ ∼
eT is soft and p ∼ T is hard for the leading log contribution
(which can be seen in retrospect), we expand the integrand
in the integral equation (5.16) in powers of ðq0; qÞ=jpj. For
example, after some algebra, we have up to OðQ2Þ
χsðjpþqjÞdpþqi−χsðjpjÞpˆi
≈ pˆi
ðq0Þ2− jqj2
2jpj2 χsðjpjÞþsq
0χ0sðjpjÞþ
1
2
ðq0Þ2χ00s ðjpjÞ

;
ð5:20Þ
where we use the replacement pˆ · q → sq0 þ ððq0Þ2 −
jqj2Þ=ð2jpjÞ in the middle of the computation, and
χ0sðxÞ ¼ dχsðxÞ=dx, etc. Similarly, we need an expansion
of Ksðp; 0; qÞ, as follows. With
nþðsjpj þ q0Þ þ nBðq0Þ ¼
1
βq0
þ s

nsðjpjÞ −
1
2

þOðq0Þ
ð5:21Þ
and
Fsðp; q; 0Þ ¼
1
2
ð1þ pˆ · dpþ qÞ ¼ 1þOðq2Þ; ð5:22Þ
what remains in Ksðp; 0; qÞ is the polarization-contracted
photon spectral density
ρphαβðQÞðΣαs ðp; qÞÞΣβsðp; qÞ; ð5:23Þ
where we need to expand the polarization part
ðΣαsðp; qÞÞΣβsðp; qÞ up to first order in q for our leading
log computation. In Coulomb gauge, ρph0i ðQÞ ¼ 0
(i ¼ 1; 2; 3) and ρph00ðQÞ≡ ρLðQÞ is the longitudinal part
of spectral density. The transverse part is
ρphij ðQÞ ¼ ρTðQÞ

δij −
qiqj
jqj2

þ iρoddðQÞϵijlql; ð5:24Þ
where the second term is the P-odd contribution propor-
tional to μ that arises from the P-odd part of current-
current correlation function (or photon self-energy) in the
HTL limit, whose expression can be found in Appendix A.
Note that it is purely imaginary, but antisymmetric in i; j, so
it is a Hermitian matrix in i; j. For our purposes, we would
only need its sum rules derived in Appendix A, Eqs. (A26)
and (A27),
Z jqj
−jqj
dq0
ð2πÞ
1
q0
ρoddðQÞ ¼ −
e2μ
ð2πÞ2
1
jqj4 þ    ;Z jqj
−jqj
dq0
ð2πÞ q
0ρoddðQÞ ¼
0
jqj2 þ    ; ð5:25Þ
up to less singular terms in the small jqj ≪ eT limit. All
functions ðρL; ρT; ρoddÞ are odd in q0 → −q0, so we need an
extra odd power of q0 in the final integrand to have a
nonvanishing q0 integral over ½−jqj;þjqj. The only μ
dependence in the usual spectral densities ρL=TðQÞ is
through the Debye mass, which is m2D ¼ e2T2=6þ
e2μ2=ð2π2Þ for a single Weyl fermion. Because we are
looking at only up to linear μ dependence, we can safely
neglect μ2 corrections in m2D and use the μ ¼ 0 results for
ρL=TðQÞ. After some algebra, we have up to OðqÞ
ρphαβðQÞðΣαs ðp;qÞÞΣβsðp;qÞ
¼ρLðQÞþ

1−
ðq0Þ2
jqj2

ρTðQÞ−
sððq0Þ2− jqj2Þ
jpj ρoddðQÞ;
ð5:26Þ
where the last contribution from the P-odd spectral density,
though quadratic in q, is presented because its power
counting is something new and different from those of
ρL=TðQÞ as can be seen in (5.25), and should be checked
carefully.
Let us first estimate this contribution from the P-odd
spectral density in the integral equation (5.16). Collecting
everything presented above, the contribution from the
P-odd spectral density to the integral in (5.16) becomes
− s
e2
jpj pˆ
i
Z
∞
0
djq∥qj
ð2πÞ
Z jqj
−jqj
dq0
ð2πÞ

1þ sq
0
jpj

×

1
βq0
þ s

nsðjpjÞ −
1
2

ððq0Þ2 − jqj2Þ
×
ðq0Þ2 − jqj2
2jpj2 χsðjpjÞ þ sq
0χ0sðjpjÞ þ
1
2
ðq0Þ2χ00s ðjpjÞ

× ρoddðQÞ; ð5:27Þ
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and, using the sum rules derived in Appendix A [(A26),
(A27)], it is easy to find that the result is at most of order
∼e4 without any logarithmic enhancement. Note that the jqj
integration should have an UV cutoff ∼T because we use a
HTL approximation for soft momentum Q≪ T. In any
case, these are of higher order than e4 logð1=eÞ, which is
what we are interested in, and so can be neglected.
Although we find that ρoddðQÞ does not affect the leading
log equation for χsðjpjÞ, we will find shortly that it does
give an important contribution to the equation for csðjpjÞ at
leading log, which is more to our interest.
The integral equation (5.16) then takes a form at leading
log order as
ζsfp;sχsðjpjÞ ¼ sþ e2
Z
∞
0
djq∥qj
ð2πÞ
Z jqj
−jqj
dq0
ð2πÞ

1þ sq
0
jpj

×

1
βq0
þ s

nsðjpjÞ −
1
2

×

ρLðQÞ þ

1 −
ðq0Þ2
jqj2

ρTðQÞ

×
ðq0Þ2 − jqj2
2jpj2 χsðjpjÞ þ sq
0χ0sðjpjÞ
þ 1
2
ðq0Þ2χ00s ðjpjÞ

: ð5:28Þ
The remaining computation of various integrals of spectral
densities is achieved at leading order using the well-known
sum rules of ρL=TðQÞ [68]. The leading log contribution
will come from the region mD ≪ jqj≲ T; following the
notations in Ref. [59] by defining
JL=Tn ≡
Z jqj
−jqj
dq0
ð2πÞ ðq
0Þ2n−1ρL=TðQÞ; ð5:29Þ
we have for jqj≫ mD the sum rules7
JL0 ≈
m2D
jqj4 ; J
T
0 ≈
m2D
4jqj4

log
8jqj2
m2D
− 1

;
JL1 ≈
m2D
3jqj2 ; J
T
1 ≈
m2D
4jqj2

log
8jqj2
m2D
− 3

;
JL2 ≈
m2D
5
; JT2 ≈
m2D
4

log
8jqj2
m2D
−
11
3

: ð5:30Þ
Using these in (5.28), one encounters a logarithmic
divergenceZ
T
mD
djqj
jqj ¼ logðT=mDÞ ∼ logð1=eÞ; ð5:31Þ
where the IR cutoff ismD, because the sum rule expressions
used are valid only for jqj≫ mD (see our footnote); the
UV cutoff is T, as we assume soft Q≪ T throughout
our treatment, and therefore the modification for hard Q
will dampen away the UV divergences. Picking up the
logarithmically enhanced terms in the integral, we finally
obtain the differential equation
ζsfp;sχsðjpjÞ ¼ s −
e2m2D logð1=eÞ
4π

1
βjpj2 χsðjpjÞ
−

1
βjpj þ nsðjpjÞ −
1
2

χ0sðjpjÞ −
1
2β
χ00s ðjpjÞ

;
ð5:32Þ
which agrees with the known result in the literature for the
case μ ¼ 0. Note, however, the important μ dependence via
nsðjpjÞ in the differential equation for χsðjpjÞ,
nsðjpjÞ ¼
1
eβðjpj−sμÞ þ 1
≈
1
eβjpj þ 1þ sβμ
eβjpj
ðeβjpj þ 1Þ2 þOðμ
2Þ; ð5:33Þ
as well as in ζsfp;s, which we compute in Appendix B [see
Eq. (B48)],
ζsfp;s ¼
e2
4π
m2f logð1=eÞ
jpj ðnBðjpjÞ þ n−sð0ÞÞ
≈
e2
4π
m2f logð1=eÞ
jpj

nBðjpjÞ þ
1
2
− s
βμ
4

þOðμ2Þ:
ð5:34Þ
These give rise to an s-independent, linear-in-μ part in
χsðjpjÞ in addition to the usual μ-independent part propor-
tional to s. Here m2f ¼ ðe2=4ÞðT2 þ μ2=π2Þ is the asymp-
totic thermal mass of fermions. The solution when
expanded in μ then takes the form
χsðjpjÞ ¼ sχð0ÞðjpjÞ þ μχð1ÞðjpjÞ þOðμ2Þ; ð5:35Þ
and both χð0Þ and χð1Þ give separate contributions of the
same leading order to the final expression for ξ5 in (5.13).
In fact, this μ dependence via nsðjpjÞ and ζsfp;s in (5.32)
[i.e., the χð1Þ in Eq. (5.35)] also makes a contribution
to the μ2 dependence of the electric conductivity in
leading log order, which seems to have been missed in
some previous literature. Our analysis in the above
(with full expressions for m2D and m
2
f) contains all the
necessary elements that allow us to compute the full μ2
7The sum rules for the case jqj ≪ mD take different forms, and
it can be checked that the ultrasoft region jqj ≪ mD does not give
rise to logarithmic divergences.
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correction to electric conductivity; we present the correct
computation of the μ2 correction to the electric conduc-
tivity in Appendix D.
B. Computation of csðjpjÞ
Let us next describe our analysis for csðjpjÞ, which
appears as the P-odd component of ϕisðp; kÞ ∼ ϕisðp; 0Þ þ
iðcsðjpjÞ=jpjÞϵilmpˆlkm when expanded in linear k
[see (5.11)], and which satisfies our original integral
equation (5.9) with a finite k. Expanding the kernel
function Ksðp; k;QÞ defined by (5.10) up to linear
order in k,
Ksðp;k;QÞ¼Ksðp;0;QÞþKð1Þs ðp;k;QÞþOðk2Þ; ð5:36Þ
where Ksðp; 0;QÞ is something we have already used
[see Eqs. (5.14) and (5.15)] to determine the zeroth order
solution ϕisðp; 0Þ ¼ χsðjpjÞpˆi, the part of the integral
equation in (5.9) that is linear in k gives the integral
equation for csðjpjÞ. This takes the form
ζp;s
icsðjpjÞ
jpj ϵ
ilmpˆlkm ¼ − i
2jpj ϵ
ilmpˆlkm þ e2
Z
d4Q
ð2πÞ4Ksðp; 0;QÞ
icsðjpþ qjÞ
jpþ qj ϵ
ilm dpþ qlkmð2πÞδðq0 þ sjpj − sjpþ qjÞ
þ e2
Z
d4Q
ð2πÞ4K
ð1Þ
s ðp; k;QÞχsðjpþ qjÞ dpþ qið2πÞδðq0 þ sjpj − sjpþ qjÞ; ð5:37Þ
where in the last term we understand that we extract only the P-odd term that has the same structure of ϵilmpˆlkm.
The first term on the right arises from the fact that Σisðp; kÞ as given by (5.5) contains the P-odd term when expanded
linear in k,
Σisðp; kÞ ∼ −
i
2jpj ϵ
ilmpˆlkm: ð5:38Þ
As before, it is important to use the fact that the integral
e2
Z
d4Q
ð2πÞ4Ksðp; 0;QÞð2πÞδðq
0 þ sjpj − sjpþ qjÞ; ð5:39Þ
which appears in the second term on the right side, is precisely equal to the contribution to the fermion damping rate arising
from soft photon scatterings, ζspp;s. Therefore, one can transform the above integral equation into the form
ζsfp;s
icsðjpjÞ
jpj ϵ
ilmpˆlkm ¼ − i
2jpj ϵ
ilmpˆlkm þ e2
Z
d4Q
ð2πÞ4Ksðp; 0;QÞ

icsðjpþ qjÞ
jpþ qj ϵ
ilm dpþ qlkm − icsðjpjÞjpj ϵilmpˆlkm

× ð2πÞδðq0 þ sjpj − sjpþ qjÞ þ e2
Z
d4Q
ð2πÞ4K
ð1Þ
s ðp; k;QÞχsðjpþ qjÞ dpþ qið2πÞδðq0
þ sjpj − sjpþ qjÞ; ð5:40Þ
where the ζsfp;s that appears on the left is the damping rate contribution arising from soft fermion scatterings only, which is of
order e4 logð1=eÞ rather than e2 logð1=eÞ.
The computation of the first integral on the right side of (5.40) at leading log order is almost identical to that of the
previous integral in (5.16). Expanding up to quadratic order in Q, with the replacement ql → ðpˆ · qÞpˆl due to rotational
invariance of the q integral, we get, after some algebra,
csðjpþ qjÞ
jpþ qj ϵ
ilm dpþ qlkm − csðjpjÞjpj ϵilmpˆlkm ¼
ðq0Þ2 − jqj2
2jpj2 ~csðjpjÞ þ sq
0 ~c0sðjpjÞ þ
1
2
ðq0Þ2 ~c00s ðjpjÞ

ϵilmpˆlkm þOðQ3Þ;
ð5:41Þ
where ~csðxÞ≡ csðxÞ=x. Comparing this with the previous expansion (5.20) for χsðjpjÞ, we find the identical structure
appearing; therefore, we can simply use the previous result of the integral in (5.16) [see Eq. (5.32)] and replace χs with
~csðxÞ ¼ csðxÞ=x to get
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e2
Z
d4Q
ð2πÞ4Ksðp; 0;QÞ

icsðjpþ qjÞ
jpþ qj ϵ
ilm dpþ qlkm − icsðjpjÞjpj ϵilmpˆlkm

ð2πÞδðq0 þ sjpj − sjpþ qjÞ
¼ −i e
2m2D logð1=eÞ
4π

1
βjpj2 ~csðjpjÞ −

1
βjpj þ nsðjpjÞ −
1
2

~c0sðjpjÞ −
1
2β
~c00s ðjpjÞ

ϵilmpˆlkm
¼ −i e
2m2D logð1=eÞ
4πjpj

1
βjpj2 csðjpjÞ −

nsðjpjÞ −
1
2

c0sðjpjÞ −
csðjpjÞ
jpj

−
1
2β
c00sðjpjÞ

ϵilmpˆlkm; ð5:42Þ
up to leading log order.
The evaluation of the second integral in (5.40) is more
complicated. Let us first look at the term χsðjpþ qjÞ dpþ qi
in the integrand. Defining ~χsðxÞ≡ χsðxÞ=x, and using the
fact that the δ function in the integrand imposes
jpþ qj ¼ jpj þ sq0, we have
χsðjpþ qjÞ dpþ qi ¼ ~χsðjpj þ sq0Þðpi þ qiÞ: ð5:43Þ
Since what we need is the P-odd structure ϵilmpˆlkm, it is
clear that the first term proportional to pi cannot possibly
generate such a structure; therefore, it is sufficient to
consider only the second piece proportional to qi,
χsðjpþ qjÞ dpþ qi → ~χsðjpj þ sq0Þqi; ð5:44Þ
in the integral of (5.40). On the other hand, because
Kð1Þs ðp; k;QÞ is a rotationally scalar function linear in k,
rotational invariance dictates that it can only have three
possible structures,
Kð1Þs ðp; k;QÞ ¼ ðað1Þs p^l þ bð1Þs ql þ cð1Þs ϵlmnp^mqnÞkl;
ð5:45Þ
where ðað1Þs ; bð1Þs ; cð1Þs Þ are some coefficient functions that
depend only on ðp0; jpj; q0; jqj; p · qÞ. Combining these two
facts, and considering the rotational invariance of q
integration, one can easily find that the only way to have
the resulting P-odd structure ϵilmp^lkm from the second
integral in (5.40) is via the third term in (5.45); that is, we
only need to find the part of Kð1Þs ðp; k;QÞ that is propor-
tional to ϵlmnp^mqnkl ¼ ϵlmnp^lqmkn. This greatly simplifies
our computation.
Since (5.44) is already linear in Q, for a leading log
contribution we only need to expand Kð1Þs ðp; k;QÞ up to
linear order inQ, which is already saturated by the structure
of interest ϵlmnp^lqmkn. This in turn implies that one can
neglect the sq0 correction in (5.44) to have
χsðjpþ qjÞ dpþ qi → ~χsðjpjÞqi ¼ χsðjpjÞjpj qi ð5:46Þ
in the integral of (5.40). Given the expressions for Σisðp; kÞ
and Fsðp; q; kÞ in (5.5) and Appendix C, as well as the
photon spectral density given in (5.24),
ρph00 ¼ ρLðQÞ;
ρphij ðQÞ ¼ ρTðQÞ

δij −
qiqj
jqj2

þ iρoddðQÞϵijlql; ð5:47Þ
it is straightforward to find, after some amount of algebra,
that
Kð1Þs ðp; k;QÞ ¼ ðnþðsjpj þ q0Þ þ nBðq0ÞÞ
×

is
2jpj2

ρLðQÞ −

1þ ðq
0Þ2
jqj2

ρTðQÞ

þ ijpj ρoddðQÞ

ϵlmnpˆlqmkn ð5:48Þ
up to linear order in Q, which will contribute to the
leading log result of the integral in (5.40). Note that we
have a non-negligible contribution from the P-odd part of
the spectral density ρoddðQÞ: from its sum rule given in
(5.25) one can easily see that this term engenders a leading
log contribution to the integral. When combining
Kð1Þs ðp; k;QÞ with (5.46) in the integral of (5.40), one
has to replace qmqi with
qmqi →
1
2
δmijqT j2
¼ 1
2
δmiðjqj2 − ðp^ · qÞ2Þ ¼ 1
2
ðjqj2 − ðq0Þ2Þ; ð5:49Þ
where qT is the perpendicular component of q to p,
and where we use (5.18) in the last equality. This
comes from the rotational invariance of the q integral
around the p^ axis. Collecting all these and following the
same steps as in the leading log computation of χsðjpjÞ, we
finally have the second integral of (5.40), given by, at
leading log order,
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e2
Z
d4Q
ð2πÞ4K
ð1Þ
s ðp; k;QÞχsðjpþ qjÞ dpþ qið2πÞδðq0 þ sjpj − sjpþ qjÞ
¼ − e
2
2
χsðjpjÞ
jpj
Z
∞
0
djq∥qj
ð2πÞ
Z jqj
−jqj
dq0
ð2πÞ

1þ sq
0
jpj

1
βq0
þ s

nsðjpjÞ −
1
2

×

is
2jpj2

ρLðQÞ −

1þ ðq
0Þ2
jqj2

ρTðQÞ

þ ijpj ρoddðQÞ

ðjqj2 − ðq0Þ2Þϵilmpˆlkm
¼ − e
2
2
χsðjpjÞ
βjpj
Z
∞
0
djq∥qj
ð2πÞ

is
2jpj2

jqj2

JL0 − JT0 −
1
jqj2 J
T
1

− JL1 þ JT1 þ
1
jqj2 J
T
2

þ ijpj

−
e2μ
ð2πÞ2jqj2

ϵilmpˆlkm
¼ i e
2
4π
χsðjpjÞ
βjpj2 logð1=eÞ
e2μ
2π2
ϵilmpˆlkm; ð5:50Þ
where we use the sum rules (5.30), (A26), and (A27).
Interestingly, it turns out that the contributions from
the P-even spectral densities ρL=T cancel each other
exactly. We do not have a good understanding of
whether this must be the case by some symmetry
reason, or whether it is just by accident. Therefore,
the only contribution to the second integral in (5.40) at
leading log order [that is, e4 logð1=eÞ] comes from the
P-odd part of the soft (HTL) photon spectral density
ρoddðQÞ. Note that for this contribution, we have equal
logarithmic contributions from both e2T ≪ jqj≪ mD
and T ≫ jqj ≫ mD, which add up together in the final
result.8
From the integral equation (5.40) with (5.42) and (5.50),
we finally obtain the second order differential equation for
csðjpjÞ as
ζsfp;scsðjpjÞ¼−
1
2
þe
4 logð1=eÞμ
ð4πÞ2π2
χsðjpjÞ
βjpj
−
e2m2D logð1=eÞ
4π

1
βjpj2csðjpjÞ−

nsðjpjÞ−
1
2

×

c0sðjpjÞ−
csðjpjÞ
jpj

−
1
2β
c00s ðjpjÞ

; ð5:51Þ
where the first line is an inhomogeneous source—
especially the second term, which is in terms of χsðjpjÞ
and which should be obtained by solving the differential
equation (5.32). We would need the expansion of csðjpjÞ up
to first order in chemical potential μ,
csðjpjÞ ¼ cð0ÞðjpjÞ þ sμcð1ÞðjpjÞ þOðμ2Þ; ð5:52Þ
which can be found by solving the above differential
equation order by order in μ. We reemphasize that there
are linear μ dependences coming from ζsfp;s and nsðjpjÞ in
the above differential equation; to get a correct leading log
answer, these should not be missed. After finding χsðjpjÞ
and csðjpjÞ from the differential equations given above, we
compute our transport coefficient ξ5 by (5.13) with
Gij;Pinch;P-oddðraÞ ðkÞ ¼ iωξ5ϵijlkl.
C. Numerical evaluation
As a first step in computing the explicit value of ξ5, we
solve numerically the equations for ðχsðjpjÞ; csðjpjÞÞ in
(5.32) and (5.51). In order to do so, we define Ψsðjpj=TÞ≡
αm2D logð1=eÞcsðjpjÞ=T and Φsðjpj=TÞ≡ αm2D logð1=eÞ×
χsðjpjÞ=T where α ¼ e2=4π. Defining y≡jpj=T, Eq. (5.51)
can be rewritten as
Ψ00s ðyÞ − tanhðy=2ÞΨ0sðyÞ −
ΨsðyÞ
y

3
2
cothðy=2Þ − tanhðy=2Þ þ 2
y

¼ 1 − 6sμ
π2T

sΦsðyÞ
y
þ π
2
8
ΨsðyÞ
y

þ s μ
T
sech2ðy=2Þ
2

ΨsðyÞ
y
−Ψ0sðyÞ

: ð5:53Þ
In addition, we have the equation for the even vertex, χsðjpjÞ in (5.32),
Φ00s ðyÞ þ

2
y
− tanhðy=2Þ

Φ0sðyÞ −

2
y2
þ 3 cothðy=2Þ
2y

ΦsðyÞ
¼ −2s − s 3μ
4T
ΦsðyÞ
y
− s
μ
2T
sech2ðy=2ÞΦ0sðyÞ: ð5:54Þ
8Strictly speaking, QED does not possess the ultrasoft magnetic cutoff ∼e2T. Since we have in mind the generalization to non-
Abelian QCD as discussed in Sec. V, we simply assume this at this point.
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In the above, we expand the μ dependence from ζsfp;s and nsðjpjÞ up to linear order in μ. We then expand the solution to first
order in μ as
Ψs ¼ ΨA þ s
μ
T
ΨB þOðμ2Þ; ð5:55Þ
Φs ¼ sΦA þ
μ
T
ΦB þOðμ2Þ; ð5:56Þ
from which we have a coupled set of differential equations
Ψ00AðyÞ − tanhðy=2ÞΨ0AðyÞ −
ΨAðyÞ
y

3
2
cothðy=2Þ − tanhðy=2Þ þ 2
y

¼ 1;
Ψ00BðyÞ − tanhðy=2ÞΨ0BðyÞ −
ΨBðyÞ
y

3
2
cothðy=2Þ − tanhðy=2Þ þ 2
y

¼ − 6
π2
ΦAðyÞ
y
−
3
4
ΨAðyÞ
y
þ sech
2ðy=2Þ
2

ΨAðyÞ
y
−Ψ0AðyÞ

;
Φ00AðyÞ þ

2
y
− tanhðy=2Þ

Φ0AðyÞ −

2
y2
þ 3 cothðy=2Þ
2y

ΦA ¼ −2;
Φ00BðyÞ þ

2
y
− tanhðy=2Þ

Φ0BðyÞ −

2
y2
þ 3 cothðy=2Þ
2y

ΦBðyÞ ¼ −
3
4
ΦAðyÞ
y
−
1
2
sech2ðy=2ÞΦ0AðyÞ: ð5:57Þ
We solve the above equations by an iterative method
with vanishing boundary conditions at the IR (y ¼ 0) and
the UV (y ¼ ∞). The last step is then to obtain the
expression for the transport coefficient ξ5 as an integral
of the above quantities. After computing the sum over
s ¼  and performing angular integrations in (5.13), we
obtain the result for the retarded propagator as an integral of
ΨA=BðyÞ and ΦA=BðyÞ,
Gij;PinchðraÞ ðkÞ ¼
2iωμϵijlkl
Tπe4 logð1=eÞ
Z
∞
0
ydy

ΨBðyÞ −
ΦBðyÞ
2

×
1
cosh2ðy=2Þ þ

ΨAðyÞ −
ΦAðyÞ
2

×
tanhðy=2Þ
cosh2ðy=2Þ

: ð5:58Þ
From the identification Gij;Pinch;P-oddðraÞ ðkÞ ¼ iωξ5ϵijlkl, we
find
ξ5 ¼ −
3.006
e4 logð1=eÞ
μ
T
: ð5:59Þ
VI. DISCUSSION
It is easy to generalize the above to the case of NF
species of Dirac fermions in an SUðNcÞ gauge theory
[though the current and magnetic field are still with respect
to the global Uð1Þ flavor symmetry]. The chemical
potential appearing in the integral equation is simply the
axial chemical potential μA. The Debye mass and asymp-
totic thermal mass are changed to
m2D ¼
g2T2
6
ð2Nc þNFÞ; m2f ¼
g2T2
4
N2c − 1
2Nc
: ð6:1Þ
The soft-fermion contribution to the hard photon damping
rate is given by
ζsfp;s ¼
g2
4π
N2c − 1
2Nc
m2f logð1=gÞ
jpj ðnBðjpjÞ þ n−sð0ÞÞ: ð6:2Þ
In the integral equations (5.32) and (5.51), the e2 logð1=eÞ
in the kernel part should be replaced by
g2 logð1=gÞN
2
c − 1
2Nc
: ð6:3Þ
In the second source term in the first line of (5.51), which is
proportional to e4 logð1=eÞ, this e4 logð1=eÞ should be
replaced by
g4 logð1=gÞNF
N2c − 1
2Nc
: ð6:4Þ
This is because one factor of e2 coming from the spectral
density ρoddðQÞ is replaced by g2NF, while the other e2
coming from fermion-gluon couplings in the kernel is
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replaced by g2ðN2c − 1Þ=ð2NcÞ. Finally, the expression for
Gij;PinchðraÞ ðkÞ from (5.13), or, equivalently, our ξ5 from χsðjpjÞ
and csðjpjÞ, must be multiplied by the fermion degeneracy
2Nc ×
X
F
Q2F; ð6:5Þ
where QF are charges of F flavors in units of e [for ðu; dÞ-
quarks, it is Qu ¼ 2=3 and Qd ¼ −1=3]. For two-flavor
massless QCD (Nc ¼ 3) with Qu ¼ 2=3 and Qd ¼ −1=3,
the result for ξ5 then becomes
ξQCD5 ¼ −
2.003
g4 logð1=gÞ
μ
T
: ð6:6Þ
As mentioned at the end of Sec. II, the color conductivity
σc for non-Abelian gauge theory that appears in the low-
energy effective theory at the scale Q≲ g2T,
Ja ¼ σcEa þ ξa; ð6:7Þ
where a denotes adjoint color charge and ξa is the thermal
noise via fluctuation-dissipation relation to σc, is governed
by scatterings with ultrasoft transverse thermal gluons of
momenta Q≪ gT with the rate ∼g2 logð1=gÞ; this leads to
σc ∼ g2 · 1=ðg2 logð1=gÞÞ ∼ 1= logð1=gÞ.9 To obtain a cor-
rect leading log result for this, one needs a similar
diagrammatic resummation with essentially the same tech-
nique as in our computation, except that charge carriers
include gluons as well as quarks, and there is no longer a
precise cancellation of the g2 logð1=gÞ terms in the integral
equation; this is due to the absence of the U(1) Ward
identity (replaced by a non-Abelian version of the Slavnov-
Taylor identity) that ensures the cancellation of these terms
[59]. The diagrammatic resummation (done in Ref. [69])
for this is, therefore, somewhat simpler than that for the
electric conductivity, since one does not need to go to the
next order of g4 logð1=gÞ. In fact, one has an algebraic
equation to solve, rather than a differential equation. The
same resummation can also be achieved in the language of
Bodecker’s approach [64] as well as in kinetic theory [65].
In the presence of the axial charge, μA, which breaks CP
symmetry, Ref. [70] recently obtained, via Bodecker’s
approach, a CP-odd contribution to the color current
Ja ¼ σcEa þ ξa þ
μANFg2
4π2
Ba; ð6:8Þ
which is a colored analogue of the chiral magnetic effect
consistent with the Uð1ÞASUð3Þ2c triangle anomaly. Since
the triangle anomaly is topological, this contribution should
be saturated at one loop diagrammatically, without the need
for the resummation of ladder diagrams. From our com-
putation in the text, the quantity that needs a ladder
resummation, and which is sensitive to the same ultrasoft
scale dynamics of the g2 logð1=gÞ rate to which the color
conductivity is also sensitive, appears when one goes to the
next order in the derivative,
Ja ¼ σcEa þ ξa þ
μANFg2
4π2
Ba þ ξc5
dBa
dt
: ð6:9Þ
It is clear that ξc5, a colored analogue of our ξ5, will be of
order
ξc5 ∼ g2 · 1=ðg2 logð1=gÞÞðμA=TÞ ∼ ð1= logð1=gÞÞðμA=TÞ
ð6:10Þ
due to the absence of the precise cancellation of the
g2 logð1=gÞ terms in the integral equations. The computa-
tion of ξc5 at leading log order is doable, following the same
steps that we present in our work and keeping only the
g2 logð1=gÞ terms in the integral equations (note that it
receives contributions only from quarks, not from gluons).
The leading order fermion damping rate from soft gluon
scatterings is
ζspp;s ¼ N
2
c − 1
2Nc
g2 logð1=gÞT
2π
; ð6:11Þ
and the solution of the integral equations that become
algebraic is
χsðjpjÞ ¼
s
ζspp;s þ 12Nc
g2 logð1=gÞT
2π
¼ 4πs
Ncg2 logð1=gÞT
;
csðjpjÞ ¼ −
s
2
χsðjpjÞ: ð6:12Þ
This gives our result for ξc5,
ξc5 ¼ −
g2NF
3
Z
d3p
ð2πÞ3
X
s¼
dnþðp0Þ
dp0

p0¼sjpj
1
jpj
×

scsðjpjÞ −
1
2
χsðjpjÞ

¼ − 2
3π
NF
Nc
1
logð1=gÞ
μA
T
: ð6:13Þ
The same resummation should also be achievable via
Bodecker’s approach, presented in Ref. [70], by going to
the next order in time derivatives.
It is of the utmost importance to implement the correct
value of the chiral magnetic current in the presence of a
time-varying magnetic field in any realistic simulation of
the chiral magnetic effect (or any other anomaly-induced
transport phenomena) in heavy-ion collisions. In the weak
9Note that we now put an extra g2 in the definition of color
conductivities to follow the convention in the literature.
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coupling picture, our results should be an important step
toward taking into account the time-varying nature of the
magnetic field in heavy-ion collisions, and they will be
instrumental in the quantitative studies of the chiral
anomaly-induced phenomena in the experiments at the
RHIC and the LHC.
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APPENDIX A: SUM RULES FOR THE P-ODD
PARAT OF HTL PHOTON SPECTRAL DENSITY
Let us start from the thermal relation
GrrμνðqÞ ¼

1
2
þ nBðq0Þ

ðGraμνðqÞ −GarμνðqÞÞ; ðA1Þ
where GabμνðxÞ≡ hAaμðxÞAbνð0ÞiSK (a; b ¼ r; a) are correla-
tion functions in the Schwinger-Keldysh path integral, and
GarμνðxÞ ¼ hAaμðxÞArνð0ÞiSK ¼ Graνμð−xÞ; ðA2Þ
where we use the translational invariance of the system.
Since what we encounter in writing down our integral
equations in the main text is the combination ½GraμνðqÞ−
GarμνðqÞ, let us naturally define the photon spectral density
(including possible P-odd contributions in general)
ρphμνðqÞ≡GraμνðqÞ −GarμνðqÞ: ðA3Þ
Wewill show that ρphμνðqÞ is in general a Hermitian matrix in
terms of μν indices. For diagonal components that come
from the usual P-even contributions, ρph;P-evenμν ðqÞ is there-
fore real. For the P-odd contribution that turns out to be
antisymmetric in spatial ij indices (there is no P-odd
contribution to the timelike component, at least up to
linear order in μ), we thus have ρph;P-evenij ðqÞ as purely
imaginary.
To show that ρphμνðqÞ is a Hermitian matrix, recall that the
usual retarded propagator is defined as
GRμνðxÞ ¼ −iθðx0Þh½AμðxÞ; Aνð0Þi ¼ −iGraμνðxÞ: ðA4Þ
It is not difficult to show, using the Hermiticity of Aμ, that
GRμνðxÞ is real valued; this is what it should be since the
retarded propagator gives the response of the system in real
time, which must be real valued. Therefore, in Fourier
space, one has
GRμνð−qÞ ¼ ðGRμνðqÞÞ; ðA5Þ
which in turn gives
Graμνð−qÞ ¼ −ðGraμνðqÞÞ: ðA6Þ
On the other hand, from (A2) we have
GarμνðqÞ ¼ Graνμð−qÞ ¼ −ðGraνμðqÞÞ; ðA7Þ
where we use (A6) in the last equality. Therefore
ρphμνðqÞ ¼ GraμνðqÞ − GarμνðqÞ ¼ GraμνðqÞ þ ðGraνμðqÞÞ; ðA8Þ
which proves that ρphμνðqÞ is indeed a Hermitian matrix.
The P-odd part of the retarded current-current correlation
functions, which is the retarded photon self-energy, has
been recently computed in the literature in the HTL limit
[71,72]. We will work in the Coulomb gauge where Gra0i ¼
0 (i ¼ 1; 2; 3). The P-odd contribution appears only in the
spatial transverse part of the correlation functions; there-
fore, we will discuss only the spatial transverse part of
current correlation functions in the following. In matrix
notation, the spatial part of the HTL resummed photon
propagator is
ðGraðqÞÞ−1 ¼ ðGrað0ÞðqÞÞ−1 − iΣRðqÞ; ðA9Þ
where Grað0ÞðqÞ is the bare propagator given by
Grað0ÞijðqÞ ¼
−iPTijðqÞ
−ðq0 þ iϵÞ2 þ jqj2 : ðA10Þ
The HTL self-energy ΣRðqÞ including the P-odd contribu-
tion is given by
ΣRijðqÞ ¼ ΠTðqÞPTijðqÞ þ iΠoddðqÞϵijlql; ðA11Þ
where
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ΠTðqÞ ¼ −
m2D
2
ðq0Þ2
jqj2 þ
ðq0Þ2
jqj2 − 1

×
q0
2jqj log

q0 − jqj þ iϵ
q0 þ jqj þ iϵ

;
ΠoddðqÞ ¼ −
e2μ
4π2

1 −
ðq0Þ2
jqj2 −
ðq0Þ2
jqj2 − 1

q0
2jqj
× log

q0 − jqj þ iϵ
q0 þ jqj þ iϵ

; ðA12Þ
with m2D ¼ e2ðT2=6þ μ2=ð2π2ÞÞ. From this, while keep-
ing terms only up to linear order in μ, we have
Graij ðqÞ ¼
−iPTijðqÞ
−ðq0Þ2 þ jqj2 − ΠTðqÞ
þ ΠoddðqÞð−ðq0Þ2 þ jqj2 − ΠTðqÞÞ2
ϵijlql; ðA13Þ
where the first term is the usual P-even HTL photon
propagator, and the second term is the new P-odd con-
tribution. The HTL photon spectral density ρphij ðqÞ is then
given by
ρphij ðqÞ ¼ ρTðqÞPTijðqÞ þ iρoddðqÞϵijlql; ðA14Þ
with
ρTðqÞ ¼ 2Im

1
−ðq0Þ2 þ jqj2 − ΠTðqÞ

;
ρoddðqÞ ¼ 2Im

ΠoddðqÞ
ð−ðq0Þ2 þ jqj2 − ΠTðqÞÞ2

:
ðA15Þ
It is easy to see that ρoddðqÞ is an odd function in q0, and
what we need in the main text is the value of the integral
Joddn ≡
Z jqj
−jqj
dq0
ð2πÞ ðq
0Þ2n−1ρoddðqÞ; n ¼ 0; 1; 2;…:
ðA16Þ
One can compute them using the well-known sum-rule
techniques exploring analytic properties of the function
ΔoddðqÞ defined by
ΔoddðqÞ≡ ΠoddðqÞð−ðq0Þ2 þ jqj2 − ΠTðqÞÞ2 : ðA17Þ
We briefly sketch the procedure and present the results in
two different regimes, jqj≪ mD and jqj≫ mD.
The starting point is the fact that ΔoddðqÞ in the complex
q0 plane is analytic in the upper half-plane due to the causal
nature of a retarded function. Thus, the integral
Z
∞
−∞
dq0
2π
1
q0 − ωþ iϵΔoddðqÞ ¼ 0 ðA18Þ
vanishes for any real number ω by closing the contour with
the upper hemicircle at infinity [and with ΔoddðqÞ → 0
sufficiently fast as jq0j →∞]. From 1=ðq0 − ωþ iϵÞ ¼
P1=ðq0 − ωÞ − iπδðq0 − ωÞ, where P is the principal
integration, we have
P
Z
∞
−∞
dq0
2π
1
q0 − ω
ΔoddðqÞ −
i
2
Δoddðω; jqjÞ ¼ 0: ðA19Þ
Considering the imaginary part of the above, we obtain one
of the Kramers-Kronig dispersion relations for a retarded
function (the real part gives the other dispersion relation),
P
Z
∞
−∞
dq0
2π
1
q0 − ω
ρoddðqÞ ¼ Re½Δoddðω; jqjÞ: ðA20Þ
Setting ω ¼ 0 and using Δoddð0; jqjÞ ¼ −e2μ=ð4π2jqj4Þ,
one obtains a sum rule
Z
∞
−∞
dq0
2π
1
q0
ρoddðqÞ ¼ −
e2μ
4π2jqj4 : ðA21Þ
Other sum rules are obtained from (A20) by expanding
both sides in ω→ ∞. The left-hand side becomes
−
X∞
n¼0
1
ωnþ1
Z
∞
−∞
dq0
2π
ðq0ÞnρoddðqÞ; ðA22Þ
while the right-hand side when expanded in large ω is
−e2μ=ð12π2ω4Þ þOð1=ω6Þ; this gives two other sum
rules,
Z
∞
−∞
dq0
2π
q0ρoddðqÞ ¼ 0;Z
∞
−∞
dq0
2π
ðq0Þ3ρoddðqÞ ¼
e2μ
12π2
: ðA23Þ
The sum rules (A21) and (A23) are not precisely Joddn as
defined in (A16), because the integration range for Joddn is
½−jqj;þjqj, not ½−∞;þ∞. The imaginary part of ΔðqÞ
[that is, ρoddðqÞ] consists of two distinct parts: one part
coming from a branch cut just below the real line along the
interval q0 ∈ ½−jqj;þjqj from the logarithms in (A12)
(originated from the Landau damping), and the other part
from the two poles ω0 satisfying −ðω0Þ2 þ jqj2 −
ΠTðω0; jqjÞ ¼ 0 corresponding to the timelike transverse
photons in the medium. The former has a continuous
support in the interval q0 ∈ ½−jqj;þjqj, and hence con-
tributes to Joddn , while the latter’s pole contributions sit
outside the interval, ω0 > jqj, and so do not contribute to
Joddn . Therefore, the only difference between the sum rule
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values in (A21), (A23) and the Joddn is simply the latter’s
pole contributions, which we can compute.
Near the pole location q0 ≈ ω0 − iϵ, we have the
expansion
ðq0Þ2n−12ΔoddðqÞ ≈
A
ðq0 − ωþ iϵÞ2 þ
B
q0 − ω0 þ iϵ
þ fregularg; ðA24Þ
where
B ¼ 2ðω0Þ
2n−1Πoddðω0Þ
ð2ω0 þ Π0Tðω0ÞÞ2
×

Π0oddðω0Þ
Πoddðω0Þ
þ ð2n − 1Þ
ω0
−
2þ Π00Tðω0Þ
2ω0 þ Π0Tðω0Þ

; ðA25Þ
with Π0Tðq0Þ≡ dΠTðq0; jqjÞ=dq0, etc. The first double pole
does not contribute to the imaginary part in the ϵ → 0 limit,
while the second part contributes to ðq0Þ2n−1ρoddðqÞ as
−πBδðq0 − ω0Þ × 2 ¼ −2πBδðq0 − ω0Þ (the factor of 2
comes from having two poles ω0). This leads to the
difference between the sum rules values in (A21), (A23)
and the Joddn as given by −B; that is, Joddn is obtained by
adding B to the sum rule values in (A21), (A23).
In the case jqj ≪ mD, the pole location is
ω0 ≈
ﬃﬃﬃﬃﬃﬃﬃ
1=3
p
mDð1þ ð9=5Þjqj2=m2DÞ þ   , and an explicit
computation of B gives the values of Joddn in this regime as
Jodd0 ≈ −
e2μ
4π2jqj4 þ
3e2μ
4π2m4D
þOðjqj2=m6DÞ;
Jodd1 ≈ −
3e2μjqj2
5π2m4D
þOðjqj4=m6DÞ;
Jodd2 ≈ −
33e2μjqj4
700π2m4D
þOðjqj6=m6DÞ: ðA26Þ
On the other hand, in the regime jqj≫ mD, the poles are
located in ω0 ≈ jqj þ ð1=4Þm2D=jqj þ   , and we have the
results in this regime jqj≫ mD as
Jodd0 ≈
e2μ
8π2jqj4

1þ log

m2D
8jqj2

;
Jodd1 ≈
e2μ
8π2jqj2

3þ log

m2D
8jqj2

;
Jodd2 ≈
e2μ
8π2

11
3
þ log

m2D
8jqj2

: ðA27Þ
The above results (A26) and (A27) will be used in the main
text in Sec. III.
APPENDIX B: HARD FERMION DAMPING RATE
In this Appendix, we compute the damping rate of hard
fermions including the possible dependence on the chemi-
cal potential μ. Our primary objective is twofold: First, we
would like to confirm that the integral we have in (5.15) is
indeed precisely equal to the damping rate induced by soft
photon scatterings at full order in e and μ, which was
instrumental in rewriting the integral equation to take the
form (5.16) that contains only e4 logð1=eÞ terms. Our
second objective is to find a linear sμ dependence in the
ζsfp;s, that is, in the damping rate induced by soft fermion
scatterings (or, equivalently, fermion conversion-to-photon
processes). This sμ dependence in ζsfp;s is important for
finding the correct μ dependence in the solution of differ-
ential equation (5.32) for χsðjpjÞ, which is crucial to obtain
the correct result for ξ5 as well as the μ2 correction to the
usual electric conductivity.
Let us start with the self-energy resummed ra propagator
(which is equal to i times the retarded propagator)
SraðpÞ ¼ Srað0ÞðpÞ þ Srað0ÞðpÞΣraðpÞSrað0ÞðpÞ þ   
¼ Srað0ÞðpÞ
1
1 − ΣraðpÞSrað0ÞðpÞ
; ðB1Þ
which gives
ðSraðpÞÞ−1 ¼ ðSrað0ÞðpÞÞ−1 − ΣraðpÞ; ðB2Þ
where
Srað0ÞðpÞ ¼
X
s
i
p0 − sjpj þ iϵPsðpÞ ðB3Þ
is the bare ra propagator, and the self-energy ΣraðpÞ (which
is a 2 × 2matrix in the spinor space) at naive lowest order in
the coupling is given by two Feynman diagrams in Fig. 8 in
real-time formalism with the expression
ΣraðpÞ ¼ ðieÞ2σβ
Z
d4Q
ð2πÞ4 ½G
rr
αβðQÞSraðpþQÞ
þ GarαβðQÞSrrðpþQÞσα; ðB4Þ
with the photon propagators GabαβðQÞ (a; b ¼ r; a) (see
Appendix A for our notational conventions). In the above
expression, we have not specified whether the propagators
appearing in the loop are bare or HTL-resummed ones,
because, depending on the situations, we can consider
different approximations for them to obtain the right leading
order quantities. For example, if the external momentump is
soft and one is interested in the HTL approximation, it is
enough to consider hard loop momentum Q, and both
propagators in the loop are bare ones. On the other hand,
in the case of damping rate with a hard momentum p, which
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is proportional to the imaginary part of the self-energy,
the leading contribution comes from when one of the two
loop propagators carries soft momentum (that is, either
Q or pþQ); the soft propagator must then be the HTL
resummed propagator, while the other hard propagator is the
bare one.
Rotational invariance dictates the self-energy to take a
form
ΣraðpÞ ¼ Aðp0; jpjÞ þ Bðp0; jpjÞpˆ · ~σ ≡ iX
s¼
ΣRs ðpÞPsðpÞ;
ðB5Þ
where
ΣRs ðpÞ ¼ −iðAðp0; jpjÞ þ sBðp0; jpjÞÞ: ðB6Þ
From this and (B2), we have
SraðpÞ ¼
X
s
i
p0 − sjpj þ ΣRs ðpÞ
PsðpÞ: ðB7Þ
In deriving the above, we use the following properties of
the projection operators to find the inverse of SraðpÞ:
Pþ þ P− ¼ 1; P2 ¼ P; PþP− ¼ P−Pþ ¼ 0:
ðB8Þ
By comparing the above expression for SraðpÞwith the one
in (2.7), we see that the damping rate is given by the
imaginary part of retarded self-energy ΣRs ðpÞ at on-shell
momentum p0 ¼ sjpj,
ζp;s ¼ 2Im½ΣRs ðpÞjp0¼sjpj: ðB9Þ
In the following, we will hence only concern ourselves with
the imaginary part of ΣRs ðpÞ. From (B5) and tr½P ¼ 1, we
have
ΣRs ðpÞ ¼ ð−iÞtr½PsðpÞΣraðpÞ
¼ ie2tr

PsðpÞσβ
Z
d4Q
ð2πÞ4
× ½GrrαβðQÞSraðpþQÞ þ GarαβðQÞSrrðpþQÞσα

;
ðB10Þ
which will be the starting point of our computation.
For a soft p, if one uses the HTL approximation to the
retarded self-energy ΣRs ðpÞ, the result is the HTL fermion
propagator. For a hard p, the HTL self-energy is subleading
in e2, so it can be negligible; moreover, its imaginary part at
on-shell momentum p0 ¼ sjpj, which would give a damp-
ing rate that could regularize pinch singularities, vanishes
due to kinematic constraints. The leading contribution to
the imaginary part of ΣRs ðpÞ at on-shell momentum arises
when either Q or pþQ is soft, so that the corresponding
propagator in the loop is the HTL-resummed one. Calling
the case of softQ the soft-photon contribution, ζspp;s, and the
other case of soft pþQ the soft-fermion contribution,
ζsfp;s, the total damping rate is the sum of the two,
ζp;s ¼ ζspp;s þ ζsfp;s.
Let us discuss ζspp;s first. Because the fermion propagator
is the bare one, we have, after setting the on-shell
momentum p0 ¼ sjpj,
SraðpþQÞ ¼
X
t¼
i
sjpj þ q0 − tjpþ qj þ iϵPtðpþ qÞ
¼
X
t

P
i
sjpj þ q0 − tjpþ qj
þ πδðsjpþ q0 − tjpþ qjÞ

Ptðpþ qÞ;
ðB11Þ
where P denotes the principal value. Similarly,
FIG. 8. Real-time Feynman diagrams for the retarded fermion self-energy.
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SrrðpþQÞ ¼

1
2
− nþðsjpj þ q0Þ

×
X
t
ð2πÞδðsjpj þ q0 − tjpþ qjÞPtðpþ qÞ:
ðB12Þ
Looking at the structure of (B10), we have a spinor trace
appearing,
tr½PsðpÞσβPtðpþ qÞσα≡Hβαst ðp; qÞ; ðB13Þ
which is a Hermitian matrix in terms of αβ indices (this can
be shown easily using the Hermitian nature of σα and P).
Because
GrrαβðQÞ ¼

1
2
þ nBðq0Þ

ðGraαβðQÞ −GarαβðQÞÞ
≡

1
2
þ nBðq0Þ

ρphαβðQÞ ðB14Þ
is also a Hermitian matrix with ðGarαβðQÞÞ ¼ −GraβαðQÞ, as
shown in Appendix A, we see that Hβαst ðp; qÞGrrαβðQÞ is a
real number. Therefore, one sees that the imaginary part of
ΣRs ðpÞ given in (B10) arises only from the second δ
function term in (B11) when it is used in the first term
of (B10). Similarly, from
ðHβαst ðp; qÞGarαβðQÞÞ ¼ −Hβαst ðp; qÞGraαβðQÞ ðB15Þ
and
Hβαst ðp; qÞρphαβðQÞ
¼ ðHβαst ðp; qÞGraαβðQÞ −Hβαst ðp; qÞGarαβðQÞÞ; ðB16Þ
we see that the real part of Hβαst ðp; qÞGarαβðQÞ is equal to
−ð1=2ÞHβαst ðp; qÞρphαβðQÞ. With (B12) the imaginary part of
ΣRs ðpÞ from the second term in (B10) only comes from the
real part of Hβαst ðp; qÞGarαβðQÞ; therefore, we can effectively
replace GarαβðQÞ appearing in (B10) with −ð1=2ÞρphαβðQÞ for
the purpose of damping rate computation. One then
observes that the pieces in (B11) and (B12) that contribute
to the damping rate are all proportional to the δ function
δðsjpj þ q0 − tjpþ qjÞ, which has a nonzero support only
for t ¼ s because Q is assumed to be soft while p is hard.
After collecting all these pieces contributing to the imagi-
nary part of ΣRs ðpÞ, we finally have after some algebra,
ζspp;s ¼ 2Im½ΣRs ðpÞ
¼ e2
Z
d4Q
ð2πÞ4 ðnBðq
0Þ þ nþðsjpj þ q0ÞÞHβαss
× ðp; qÞρphαβðQÞð2πÞδðsjpj þ q0 − sjpþ qjÞ; ðB17Þ
where
Hβαðp; qÞss ¼ tr½PsðpÞσβPsðpþ qÞσα
¼ Σβsðp; qÞðΣαs ðp; qÞÞ
1
2
ð1þ pˆ · dpþ qÞ; ðB18Þ
using the notations introduced in (5.4). From the fact that
Fsðp; q; 0Þ introduced in (5.4) is equal to 12 ð1þ pˆ · dpþ qÞ,
and recalling our definition of kernel function in (5.10),
Ksðp; 0;QÞ≡ Σβsðp; qÞðΣαs ðp; qÞÞρphαβðQÞFs
× ðp; q; 0Þðnþðsjpj þ q0Þ þ nBðq0ÞÞ; ðB19Þ
we see that ζspp;s is indeed equal to
ζspp;s ¼ e2
Z
d4Q
ð2πÞ4Ksðp; 0;QÞð2πÞδðsjpj þ q
0 − sjpþ qjÞ;
ðB20Þ
which is precisely what appears in (5.15) and in the integral
equation, which is crucial in order to obtain (5.16).
Although we do not need the value of ζspp;s in this work, it
is easy to compute it from the above expression. From
(5.19),
Z
d4Q
ð2πÞ4 ð2πÞδðsjpj þ q
0 − sjpþ qjÞ
¼
Z
∞
0
djq∥qj
ð2πÞ
Z jqj
−jqj
dq0
ð2πÞ

1þ sq
0
jpj

pˆ·q→sq0þðq0Þ2−jqj2
2jpj
;
ðB21Þ
and the small Q expansion of Ksðp; 0;QÞ,
Ksðp; 0;QÞ ≈
1
βq0

ρLðQÞ þ ρTðQÞ

1 −
ðq0Þ2
jqj2

;
ðB22Þ
where ρL=TðQÞ are P-even longitudinal and transverse
photon spectral densities defined by
ρph00ðQÞ ¼ ρLðQÞ;
ρphij ðQÞ ¼ ρTðQÞ

δij −
qiqj
jqj2

þ iρoddðQÞϵijlql; ðB23Þ
we have
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ζspp;s ≈ e2
Z
∞
0
djq∥qj
ð2πÞ
Z jqj
−jqj
dq0
ð2πÞ
1
βq0
×

ρLðQÞ þ ρTðQÞ

1 −
ðq0Þ2
jqj2

: ðB24Þ
The rest of the computation involves using the sum rules for
ρL=TðQÞ that can be derived in the same way that we derive
the sum rules for the P-odd part in Appendix A [68]. The
leading log arises from the momentum region jqj≪ mD,
from the transverse part only, for which we haveZ jqj
−jqj
dq0
ð2πÞ
1
q0
ρTðQÞ ¼
1
jqj2 þO

1
m2D

;
Z jqj
−jqj
dq0
ð2πÞ q
0ρTðQÞ ¼
3jqj2
5m2D
þO
jqj4
m4D

: ðB25Þ
This gives
ζspp;s ≈ e2
1
β
Z
mD
e2T
djq∥qj
ð2πÞ
1
jqj2 ≈
e2 logð1=eÞT
2π
; ðB26Þ
where we set an IR cutoff of order ΛIR ∼ e2T. Strictly
speaking, the e2T (or g2T for non-Abelian theory) magnetic
confinement scale exists only for non-Abelian theory, while
an Abelian QED that becomes free at Q≪ mf does not
possess any IR cutoff. In this case, the damping rate ζspp;s is
not a useful concept [73], and the effective IR cutoff is
provided by the time scale one is looking at, so the hard
fermions decay in time t as [73]
e−ζ
sp
p;st=2jΛIR∼1=t ∼ ðmDtÞ−
e2T
4π t: ðB27Þ
Because we are ultimately interested in QCD (see our
discussion in Sec. VI), we do not worry about this any
longer. In addition, in realistic situations, the free nature of
QED at Q≪ eT means that this scale is never thermalized
anyway. As the damping rate arises from the scattering of
fermions with thermally excited soft photons in this scale
[recall nBðq0Þ ∼ 1=q0 term in the above], we would not
have these contributions in realistic situations in any case.
This also justifies our use of ΛIR ∼ e2T in the above.
Let us next compute the soft-fermion contribution to the
damping rate, ζsfp;s, with our main objective being to find a
linear sμ dependence. Since pþQ is soft, it is convenient
to shift the loop momentum Q → Q − p to have
ΣRs ðpÞ ¼ ie2tr

PsðpÞσβ
Z
d4Q
ð2πÞ4 ½G
rr
αβðQ − pÞSraðQÞ
þ GarαβðQ − pÞSrrðQÞσα

; ðB28Þ
where Q is now soft, and we need to use HTL-resummed
fermion propagators while the bare propagators are used for
photon propagators. The HTL-resummed fermion ra
propagator is written as
SraðQÞ ¼
X
t
i
q0 − tjqj þ ΣR;HTLt ðQÞ
PtðqÞ; ðB29Þ
where ΣR;HTLt ðQÞ is the HTL self-energy. An explicit
computation gives [in fact, one uses the same expression
(B28) with both Q and pþQ now hard]
ΣR;HTLt ðQÞ
¼ − m
2
f
4jqj

2tþ

1 − t
q0
jqj

log

q0 þ jqj þ iϵ
q0 − jqj þ iϵ

;
ðB30Þ
where
m2f ¼
e2
4

T2 þ μ
2
π2

ðB31Þ
is the asymptotic thermal mass of fermions for a single
Weyl fermion system. Since μ dependence is only quadratic
for ΣR;HTLt ðQÞ, we can ignore this dependence in the HTL
self-energy to use the μ ¼ 0 result of ΣR;HTLt ðQÞ. This
means that SraðQÞ and Sar ¼ −ðSraðQÞÞ† can be replaced
by their μ ¼ 0 values up to linear order in the chemical
potential μ, which is the order of our interest. On the other
hand, the rr propagator, which is given by
SrrðQÞ ¼

1
2
− nþðq0Þ

ðSraðQÞ − SarðQÞÞ; ðB32Þ
does contain a linear μ dependence via its statistical factor
in front, nþðq0Þ. We will indeed shortly find that this will
be the (only) source of the final sμ dependence of ζsfp;s.
Becase the HTL-resummed ra propagator (B29) is
analytic in the upper q0 complex plane, one can introduce
real spectral densities ρðQÞ by
1
q0 − tjqj þ ΣR;HTLt ðQÞ
¼
Z
∞
−∞
dω
ð2πÞ
ρtðω; qÞ
q0 − ωþ iϵ
¼ P
Z
∞
−∞
dω
ð2πÞ
ρtðω; qÞ
q0 − ω
−
i
2
ρtðq0; qÞ; ðB33Þ
or, equivalently,
ρtðQÞ ¼ −2Im

1
q0 − tjqj þ ΣR;HTLt ðQÞ

; ðB34Þ
in terms of which we have
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SrrðQÞ ¼

1
2
− nþðq0Þ
X
t
ρtðQÞPtðqÞ: ðB35Þ
Introducing
Lβαst ðp; qÞ≡ tr½PsðpÞσβPtðqÞσα; ðB36Þ
which is a Hermitian matrix, a similar discussion to that
which we have above leads us to replace
SraðQÞ→ 1
2
ρtðQÞPtðqÞ ðB37Þ
for computing the imaginary part of ΣRs ðpÞ in (B28).
On the other hand, the hard photon propagators in (B28)
are bare ones. In the Coulomb gauge we have
Gra00ðpÞ ¼
i
jpj2 ; G
ra
ij ðpÞ ¼
−iPTijðpÞ
−ðp0 þ iϵÞ2 þ jpj2 ;
ðB38Þ
where PTijðpÞ ¼ δij − pˆipˆj is the transverse projection
operator, from which we have the bare photon spectral
density as
ρph00ðpÞ ¼ 0;
ρphij ðpÞ ¼ ð2πÞPTijðpÞsignðp0Þδððp0Þ2 − jpj2Þ; ðB39Þ
with GrrαβðpÞ ¼ ð1=2þ nBðp0ÞÞρphαβðpÞ. As before, for the
imaginary part of ΣRs ðpÞ in (B28), we can replace
GarαβðQ − pÞ→ −
1
2
ρphαβðQ − pÞ: ðB40Þ
Collecting all these elements, the expression for ζsfp;s
becomes
ζsfp;s ¼ e2
X
t¼
Z
d4Q
ð2πÞ4 L
ji
stðp; qÞPTijðq − pÞðnBðq0 − sjpjÞ
þ nþðq0ÞÞρtðQÞsignðq0 − sjpjÞð2πÞδððsjpj
− q0Þ2 − jp − qj2Þ: ðB41Þ
BecauseQ is soft whilep is hard, we have signðq0 − sjpjÞ ¼
−s and
δððsjpj − q0Þ2 − jp − qj2Þ
¼ 1
2ðjpj − sq0Þ δðsjpj − q
0 − sjp − qjÞ; ðB42Þ
and, using the identity
nBðq0 − sjpjÞ þ nþðq0Þ
¼ ð−sÞðnBðjpj − sq0Þ þ n−sð−sq0ÞÞ; ðB43Þ
we have
ζsfp;s ¼ e2
X
t¼
Z
d4Q
ð2πÞ4 L
ji
stðp; qÞPTijðq − pÞðnBðjpj − sq0Þ
þ n−sð−sq0ÞÞρtðQÞ
1
2ðjpj − sq0Þ
× ð2πÞδðsjpj − q0 − sjp − qjÞ: ðB44Þ
It is straightforward to compute the leading log part of the
above integral by expanding the integrand in powers ofQ=T
or Q=jpj, the same procedure we have used several times
before. From Ljistðp; qÞPTijðq − pÞ ≈ 1 − st p^·qjqj þOðQÞ ¼
1 − t q
0
jqj þOðQÞ and nBðjpj − sq0Þ þ n−sð−sq0Þ≈
nBðjpjÞ þ n−sð0Þ þOðQÞ, the leading log comes from the
expression
ζsfp;s ¼
e2
2jpj ðnBðjpjÞ þ n−sð0ÞÞ
X
t
Z
∞
0
djq∥qj
2π
×
Z jqj
−jqj
dq0
2π

1 − t
q0
jqj

ρtðQÞ; ðB45Þ
and, using the sum rules10
J0 ¼
m2f
4jqj2

log
4jqj2
m2f
− 1

;
J1 ¼ 
m2f
4jqj

log
4jqj2
m2f
− 3

; ðB46Þ
where
Jn ≡
Z jqj
−jqj
dq0
2π
ðq0ÞnρðQÞ; ðB47Þ
we finally have
ζsfp;s ¼
e2
4π
m2f logð1=eÞ
jpj ðnBðjpjÞ þ n−sð0ÞÞ: ðB48Þ
There exists sμ dependence in the result (B48) via
n−sð0Þ ¼ 1 − nsð0Þ ≈ 1=2 − ð1=4Þsβμ, which can be easily
understood as follows. The soft-fermion contribution to the
damping rate comes from the process where a hard fermion
(of type s) becomes a soft fermion (of the same type s) by
10We point out that what is called m2f in Ref. [59] is in fact
plasmino frequency ω2f, which is equal to m
2
f=2 in terms of
asymptotic thermal mass m2f .
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emitting a hard photon with almost the same momentum.
The rate is proportional to ðnBðjpjÞ þ 1Þð1 − nsð0ÞÞ where
ð1 − nsð0ÞÞ is the Pauli blocking factor of the final soft-
fermion state, where we can set zero for soft momentum at
leading order in coupling. In a similar process, a hard
fermion (of type s) meets with a soft antifermion (of the
type −s) to become a hard photon; this rate is proportional
to ðnBðjpjÞ þ 1Þn−sð0Þ where n−sð0Þ is the number density
of the soft antifermion. The time-reversed processes also
add up to the damping rate, which is a property of the
fermionic case. These are each proportional to nBðjpjÞnsð0Þ
and nBðjpjÞð1 − n−sð0ÞÞ. Using n−sð0Þ þ nsð0Þ ¼ 1, the
total sum can be found to be
ðnBðjpjÞ þ 1Þð1 − nsð0ÞÞ þ ðnBðjpjÞ þ 1Þn−sð0Þ
þ nBðjpjÞnsð0Þ þ nBðjpjÞð1 − n−sð0ÞÞ
¼ 2ðnBðjpjÞ þ n−sð0ÞÞ; ðB49Þ
which nicely explains our result (B48).
APPENDIX C: EXPRESSION OF Fsðp;q; kÞ
The function Fsðp; q; kÞ is given by
Fsðp; q; kÞ ¼
A
4ð1þ p^ · dpþ kÞjp∥pþ q∥pþ k∥pþ qþ kj ;
ðC1Þ
where
A ¼ ðjp∥pþ qj þ jpj2 þ p · qÞðjpþ k∥pþ kþ qj
þjpþ kj2 þ ðpþ kÞ · qÞ þ ðjp∥pþ kj
þjpj2 þ p · kÞðjpþ q∥pþ qþ kj þ jpþ qj2
þðpþ qÞ · kÞ − ðjp∥pþ qþ kj − p · ðpþ qþ kÞÞ
× ðjpþ q∥pþ kj − ðpþ qÞ · ðpþ kÞÞ
þ isðjpj þ jpþ qj þ jpþ kj
þjpþ qþ kjÞϵijlpiqjkl: ðC2Þ
For the reasons mentioned in the main text, we are only
interested in this quantity to linear order in the external
momentum k and to second order in the loop momentum q.
To this order the function Fsðp; q; kÞ is given by
Fsðp; q; kÞ ∼ 1þ
1
4jpj2 ððp · qÞ
2 − jqj2Þ þ 1
2jpj3 siϵ
ijlpiqjkl
þ 1
4jpj4 ðp · kðjqj
2 − 2ðp · qÞ2Þ þ ðp · kÞðp · qÞ
−3siϵijlpiqjklðp · qÞÞ: ðC3Þ
APPENDIX D: μ2 CORRECTION TO ELECTRIC
CONDUCTIVITY
Our analysis in this work contains all the necessary
ingredients to compute the full μ2 correction to the usual P-
even electric conductivity at leading log order. The electric
conductivity is given from χsðjpjÞ by
σ ¼ − e
2
3
Z
d3p
ð2πÞ3
X
s¼

dnþðp0Þ
dp0

p0¼sjpj
χsðjpjÞ; ðD1Þ
where χsðjpjÞ satisfies the second order differential equa-
tion written in (5.32),
ζsfp;sχsðjpjÞ ¼ s −
e2m2D logð1=eÞ
4π

1
βjpj2 χsðjpjÞ
−

1
βjpj þ nsðjpjÞ −
1
2

χ0sðjpjÞ −
1
2β
χ00s ðjpjÞ

;
ðD2Þ
where the soft-fermion contribution to the damping rate ζsfp;s
is given by (B48),
ζsfp;s ¼
e2
4π
m2f logð1=eÞ
jpj ðnBðjpjÞ þ n−sð0ÞÞ: ðD3Þ
To correctly take into account μ2 corrections, we need to
restore full expressions for m2D and m
2
f, including μ
2
corrections,
m2D ¼
e2
6

T2 þ 3μ
2
π2

; m2f ¼
e2
4

T2 þ μ
2
π2

: ðD4Þ
Also, we have to expand nsðjpjÞ in (D2) and n−sð0Þ in (D3)
up to second order in μ,
nsðjpjÞ ¼ n0ðjpj − sμÞ ≈ n0ðjpjÞ − sμn00ðjpjÞ
þ 1
2
n000ðjpjÞμ2; ðD5Þ
and n−sð0Þ ≈ 1=2 − sβμ=4þOðμ3Þ, where n0ðxÞ≡ 1=
ðeβx þ 1Þ. The resulting χsðjpjÞ should be found up to
μ2 order as
χsðjpjÞ ¼ sχð0ÞðjpjÞ þ μχð1ÞðjpjÞ þ sμ2χð2ÞðjpjÞ þOðμ3Þ;
ðD6Þ
where ðχð0Þ; χð1Þ; χð2ÞÞ can be obtained from (D2) by
solving it order by order in μ.
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